EQUIVALENCE OF SPECTRAL PROJECTIONS IN SEMICLASSICAL LIMIT 
AND A VANISHING THEOREM FOR HIGHER TRACES IN if -THEORY 



Y. KORDYUKOV, V. MATHAI, AND M. SHUBIN 



Abstract. In this paper, we study a refined L 2 version of the semiclassical approximation of 
projectively invariant elliptic operators with invariant Morse type potentials on covering spaces 
of compact manifolds. We work on the level of spectral projections (and not just their traces) 
and obtain an information about classes of these projections in A'-theory in the semiclassical limit 
as the coupling constant /x goes to zero. An important corollary is a vanishing theorem for the 
higher traces in cyclic cohomology for the spectral projections. This result is then applied to 
the quantum Hall effect. We also give a new proof that there are arbitrarily many gaps in the 
spectrum of the operators under consideration in the semiclassical limit. 



Introduction 

Let M be a closed Riemannian manifold and M be its universal cover. Let w be a closed 
2-form on M and B be its lift to M, so that B is a T-invariant closed 2-form on M where T 
denotes the fundamental group of M acting on M by the deck transformations. We assume that 
B is exact. Choose a 1-form A on M such that dA = B. As in geometric quantization we may 
regard A as defining a Hermitian connection Va = d + iA on the trivial line bundle C over M, 
whose curvature is «B. Physically we can think of A as the electromagnetic vector potential for 
a magnetic field B. Suppose that £ is a Hermitian vector bundle on M and £ the lift of £ to the 
universal cover M. Let V ^denote a T-invariant Hermitian connection on £. Then consider the 
Hermitian connection V = V £ (g) id + id®VA on £ (g> C = £. It is no longer T-invariant, but it is 
invariant under a projective action of T, as will be explained below. 

Using the Riemannian metric on M and the Hermitian metric on £, consider the elliptic self- 
adjoint differential operator given by 

(i) #0) = //V*v + b + ir x v, 

where B, V are T-invariant self-adjoint endomorphisms of the bundle £ , fi is the coupling constant 
and where V satisfies in addition the following Morse type condition: 
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For all x £ M, V{x) > 0. Moreover, if the matrix V(xq) is degenerate for some xq in M, 
then V(xq) = and there is a positive constant c such that V(x) > c\x — xq\ 2 I for all x in a 
neighborhood of xq, where I denotes the identity endomorphism of £ . 

We will also assume that V has at least one zero point. We remark that all functions V = \df\ 2 , 
where \df\ denotes the pointwise norm of the differential of a T-invariant Morse function / on M, 
are examples of Morse type potentials. 

We will analyse the qualitative aspects of the spectrum of H{li) acting on the Hilbert space 

(2) ft = L 2 (M,£). 

An important feature of the elliptic operator H(fi) is that it commutes with a projective (r, en- 
action of the fundamental group T. Here o denotes the multiplier or [/(l)-valued 2-cocycle on T 
defining this projective action. 

Associated to H(ii), there is a model operator K(n) (cf. section 2) which is obtained as a direct 
sum of quadratic parts of H (//) near the degenerate points of V in a fundamental domain. It acts 
on the Hilbert space 

(3) fi K = L 2 (R n ,C k ) N , 

where n is the dimension of M, C k is the fibre of £ and N denotes the number of zeroes of V 
that lie in a fundamental domain. The model operator K{ll) is a Hilbert direct sum of harmonic 
oscillators. If we take a direct sum of all these harmonic oscillators over M (and not only in a 
fundamental domain) then we will get another version of the model operator which has the same 
spectrum and represents the Hamiltonian for the crystal obtained with perfectly isolated atoms. 

Note that K(li) is obtained by a simple scaling from the operator K = K{\) and has a discrete 
spectrum independent of li. Therefore the spacing of its eigenvalues is bounded below. Then we 
have the following 

Theorem 1 (Existence of spectral gaps). In the notation above, let V be a Morse type endomor- 
phism of the vector bundle £ over M and H{ll) as in £7J) be the elliptic self-adjoint operator acting 
on the Hilbert space S) as in HJ). // [a, b] is an interval in R that does not intersect the spectrum 
of the model operator K acting on the Hilbert space S)k, cf. then there exists > such 
that for all fx £ (0, hq), the interval [a,b] also does not intersect the spectrum of H(li). There 
exists arbitrarily large number of gaps in the spectrum of H(fi) provided the coupling constant fi 
is sufficiently small. 

The physical explanation for the appearance of gaps in the spectrum H (fx) is that the potential 
wells get deeper as [i — ► and the atoms get (asymptotically) isolated, so that the energy levels 
of H(li) are approximated by those of the corresponding model operator K. 

The special case of Theorem ^ in the absence of a magnetic field was established in |Shj using 
a different method, and the special case of this result in the presence of a magnetic field but in 
the scalar case was established in |MSj using the same method as in |Shj . 
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Theorem |21 below is a significant refinement of Theorem ^ above and will be established using 
a refinement of the L 2 semiclassical asymptotics used there. We first set some notation. 

If H is a Hilbert space, then fC{H) denotes the algebra of compact operators in 7i, and JC = 
1C(£ 2 (N)), where N = {1,2,3,...}. 

Let A be a unital *-algebra with the unit 1a, and let Proj(.A) be its set of self-adjoint projections. 
Two projections P,Q E Proj(^4) are said to be Murray-von Neumann equivalent if there is an 
element V £ A such that P = V*V and Q = VV*. Denote M„(C) ®A = M n (A), where 
M n (C) denotes the square matrices of size n over C. Then M n (A) is also a *-algebra. Let 
M oc (A) = hnin^oo M n (A) be the direct limit of the embeddings of M n (A) in M n+ i(A) given by 

A ~^ ( o' )' Let V ^ = Pr °j( M °o(^))/ ~ denote the Murray -von Neumann equivalence 

classes of projections in M 0O (^4). Then V(.A) is an Abelian semi-group under with the operation 
induced by the direct sum, and the associated Abelian group is called the Grothendieck group 
K (A). 

The homomorphism n : C — > A given by A i— > X ■ 1a induces a homomorphism 7r* : Kq(C) = 
Z — > Kq(A). Then the reduced If -group Kq(A) is defined as Kq(A) = cokerTr* = Kq(A)/Z,. 

Suppose that A is a non-unital *-algebra. Let A = {(a, A) : a E A, A E C}. Then A is a unital 
*-algebra containing A, with product given by (a, A) (b, fj,) = (ab + Xb + fxa, A/x). By definition, the 
if -group Kq(A) is the reduced iT-group Kq(A) of A. 

Recall that the Morita invariance of if-theory asserts that there is a natural isomorphism 
Kq(A) = Ko(M n (A)) which is induced by the standard algebra homomorphism A — > M n (A) 
which maps a E A to a matrix with the left-upper corner matrix element a, the rest matrix 
elements being 0. If A is a C*-algebra, then the Morita invariance of if-theory asserts that 
there is a natural isomorphism Kq{A) = Kq{A <8> fC) which is induced by the similar algebra 
homomorphism map A — ► A <8> /C. 

Finally, we denote by C*(T,a) the reduced twisted group C*-algebra of the group T. We will 
assume that the algebra C*(T,a) acts on i 2 (T) by left twisted convolutions. 

Theorem 2 (Semiclassical vanishing theorem in If -theory for spectral projections). In the nota- 
tion above, let V be a Morse type endomorphism of the vector bundle £ over M and H{[i) as in 
iPP be the elliptic self-adjoint operator acting on the Hilbert space Sj as in Let A E C be such 
that A is not in the spectrum of the model operator K acting on the Hilbert space 9)k, cf. fjfi). 
Let E(X) = X(-ao,\](H(t-i)) and E°(X) = X(-oo,A](-^ '(/■*)) denote the spectral projections. 

(1) There exists a (T,a)-equivariant isometry U : S) —> £ 2 (T) ® $)k (see section 2) and a 
constant //q > such that for all fx E (0,/j.q), the spectral projections UE(X)U* and 
id ®E°(X) are in C*(T, a)®KL{9)K) and are Murray-von Neumann equivalent in C*(T, cr)(g> 
K(S)k)- In particular, 

(4) [UE(X)U*] = [id®E°(X)} E K Q {C;.{T,a)®K{9) K ))^K {C;{T,a)); 



(5) 



[E(X)]=0eK o (C;(r,a)). 
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(2) There is a smooth subalgebra B(T,a) of C*(T,a) (g) KL{S^k), cf. section 3, such that the 
spectral projections UE(X)U* and id®E°(\) are in B(T, a) and are also Murray-von Neu- 
mann equivalent in B(T,o~). That is, for all /i £ (0, ^q), one has 

[UE(X)U*\ = [id®£°(A)] € K (B(T,a)). 

Let Trr denote the trace on C*(T,a) (g> IC(Sjk), which is the tensor product of the canonical 
finite trace trp on C*(T,a) and the standard trace Tr on JC(9jk)- As an immediate consequence 
of Theorem |21 we get the following 

Corollary 3 (Semiclassical asymptotics of the trace of spectral projections). In the notation of 
Theorem one has, 

Tr r (UE(\)U*) = rank(£°(A)) for all fi G (0,/i ). 

The following corollary uses in addition the Rapid Decay property (RD) for discrete groups. 
This property is related with the Haagerup inequality, which estimates the convolution norm in 
terms of the word lengths. Groups that are either virtually nilpotent or word hyperbolic have 
property (RD). For these groups, it is also known that every group cohomology class can be 
represented by a group cocycle c E Z- ? (r,lR) that is of polynomial growth, cf. [SEj- 

Corollary 4 (Semiclassical vanishing of the higher traces of spectral projections). Let T be a 

discrete group that has property (RD). Let c £ i? J (T,R) (j even > 0) be a normalised group 
cocycle that is of polynomial growth, and t c the induced cyclic cocycle on the twisted group algebra 
C(r, a). Then the tensor product cocycle r c #Tr extends continuously to B(T,a), and in the 
notation of Theorem^ one has, for all /i £ (0, /io) 

t c #Tt(UE{X)U* , . . . ,UE{X)U*) = T c #Tr(id®£°(A),...,id®£°(A)) = 0. 

The method of proof of Theorem 2 is very streamlined and almost completely functional ana- 
lytic. It uses cut-off functions, the polar decomposition and closed image technique. It completely 
replaces a variational method which was used in |Shj and MS cited above. Though we also use the 
idea of model operator |Shj . we supplement it by a direct construction of an intertwining operator 
between two spectral projections: of the original operator and the model operator. In particular, 
this construction allows to treat these two operators in a symmetric way unlike the treatment in 
|Sh |IMS| where the proofs of the upper and lower estimates for the spectrum distribution functions 
required separate and very different proofs. 

Variational methods and cut-off functions were used in |BFKM1 Proposition 5.2] to establish 
existence of a gap near zero in the spectrum of the Witten deformation for the periodic Laplacians 
on forms, and in |Buj (see Section 4, in particular, Lemmas 4.3 and 4.10) to prove vanishing of 
the relative index term in the gluing formula for the 77- invariant in the adiabatic limit. 

In |HS84j . Helffer and Sjostrand used cut-off functions and perturbation arguments based on 
the Riesz projection formula (see jHS84| Theorem 2.4 and Proposition 2.5]) together with Agmon 
type weighted estimates to study the tunneling effect for Schrodinger operators with electric 
wells. These methods were extended to magnetic Schrodinger operators on compact manifolds in 
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HS87 ( HS881 ITTS901 ITTS891 IhSTNPI I H S H aasj . It is quite possible that the technique developed in 
these papers can also be applied to the problems studied in this paper. 

We believe, however, that our use of the polar decomposition and closed image technique to 
establish C*-algebra equivalence of spectral projections is new and may lead to further important 
results. For instance, in [Kor04], the technique of this paper was applied to prove existence of 
arbitrarily large number of gaps in the spectrum of the magnetic Schrodinger operators H h = 
(ihd + A)*(ihd + A) with the periodic magnetic field B = dA on covering spaces of compact 
manifolds under some Morse type assumptions on B in the semiclassical limit of strong magnetic 
field h -> 0. 

We remark that as an application of Theorems 1 and 2, one obtains a new proof of the L 2 -Morse 
inequalities, |NovShl IShj . We also obtain an application to the quantum Hall effect which we will 
now describe. 

The Kubo formula for the Hall conductance both in the usual model of the integer quantum 
Hall effect on the Euclidean plane and in the model of the fractional quantum Hall effect on the 
hyperbolic plane can be naturally interpreted as a (densely defined) cyclic 2-trace tlx on the 
algebra of observables B(T, a), |Bel| fCHMM . MMj. The Hall conductance cocycle tv^ can also be 
shown to be given by a quadratically bounded group cocycle. Moreover, it is well-known that Z 2 
and cocompact Fuchsian groups have property (RD). Therefore we have the following consequence 
of Corollary When £ is trivial with trivial connection, the endomorphism B is zero, and the 
Morse type potential V is a scalar valued function, we get the magnetic Schrodinger operator 
Ha,v(h) = ti^Hin) = V*V + pr 2 V. 

Corollary 5 (Semiclassical vanishing of the Hall conductance on low energy bands). Let M be 
either the Euclidean plane R 2 or the hyperbolic plane H, V a Morse type potential. Let A G R be 
the Fermi level, A spec(K). Let P x = X(-oo,/t- 1 A](-^A,v(A t )) denote the spectral projection of the 
magnetic Schrodinger operator .ff a, V (/•*)• Then there exists fj,o > such that for all values of the 
coupling constant [i G (0, /j,q), the Hall conductance vanishes, 

a x =tr K (P x ,P x ,P x ) = 0. 

That is, the low energy bands do not contribute to the Hall conductance. 

In the case of the Euclidean plane and when the magnetic field is uniform, this result was 
established by a different method in |Nak+BeH . 

The physical explanation for this semiclassical vanishing theorem for the Hall conductance is 
as follows. The Hall conductance for the model operator vanishes, since it is the Hamiltonian 
of a crystal with perfectly isolated atoms as mentioned earlier, therefore there can be no current 
flowing through it, which remains valid for small perturbations of the model operator. 

The authors are grateful to D. Burghelea, B. Helffer and J. Lott for helpful comments on an 
earlier draft of the manuscript. 
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1. Preliminaries 

Let M be a compact connected Riemannian manifold, T be its fundamental group and M be its 
universal cover, i.e. one has the principal bundle r — > M — > M. To make the paper self-contained, 
we include preliminary material, some of which may not be new, cf. |Belj . [BrSu , CHMM , jMMj . 
[Maj . 

1.1. Projective action, or magnetic translations. Let u be a closed real- valued 2-form on 
M such that B = p*tu is exact. So B = dA where A is a 1-form on M. We will assume without 
loss of generality that A is real- valued. Define Va = d + iA. Then Va is a Hermitian connection 
on the trivial line bundle over M with the curvature (Va) 2 = i B. Suppose that £ is a Hermitian 
vector bundle on M and £ the lift of £ to the universal cover M. The connection Va defines a 
projective action of V on 1? sections of £ as follows. 

Observe that since B is T-invariant, one has = 7*B — B = ci(7* A — A) V7 G T. So 7* A — A 
is a closed 1-form on the simply connected manifold M , therefore 

7* A - A = dipy, v 7 g r, 

where tp^ is a smooth function on M. It is defined up to an additive constant, so we can assume 
in addition that it satisfies the following normalization condition: 

• ip 1 (xo) = for a fixed xq G M, V7 G T. 

It follows that tf)~ is real- valued and ip e ( x ) = 0, where e denotes the neutral element of T. It is 
also easy to check that 

• ipj(x) + ip-y/^x) — ip- y ' 1 (x) is independent of x £ M, V7, 7' € T. 

Then £1(7,7') = ex P( — ^7(7' " ^0)) defines a multiplier on T i.e. <r : T x T —* U(l) satisfies 

• cr(7,e) = <r(e,i) = 1, V 7 G T; 

• o-(7i> 72)<7(7i72,73) = cr(7i 5 7273)^(72, 73), vti,72,73 G T (the cocycle relation). 
It follows from these relations that (7(7, 7 _1 ) = cr(7 _1 ,7). 

The complex conjugate multiplier (7(7,7') = ex P(^V ; 7(7 / ' x o)) a lso satisfies the same relations. 

For u G L 2 (M,£) and 7 G T define 

C/ 7 u = (7~ 1 )*n, SyU = exp^—iipy) u. 
Then the operators T 7 = U 7 o 5 7 satisfy 

T e = id, T 7l T 72 = (7(7i,7 2 )r 7lT2 , 

for all 71, 72 G T. In this case one says that the map T : T — ► ^ (L 2 (M, 5)), 7 1— > T 7 , is a projective 
(r, cx)-unitary representation, where for any Hilbert space H we denote by U(H) the group of all 
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unitary operators in TL. In other words one says that the map 7 1— > T 7 defines a (T,a)-action 
in W. 

It is also easy to check that the adjoint operator to T 7 in L 2 (M,£) (with respect to a smooth 
T-invariant measure on M and a T-invariant Hermitian structure on 8 ) is 

T 7 * = a( 7 ,7- 1 )T 7 -i. 
The operators T 7 are also called magnetic translations. 

1.2. Twisted group algebras. Denote by £ 2 (T) the standard Hilbert space of complex-valued 
L 2 -functions on the discrete group T. We will use a left (r, <r)-action on £ 2 {T) (or, equivalently, a 
(r, a)-unitary representation in £ 2 (T)) which is given explicitly by 

r 7 L /( 7 ') = /(7-VM7, 7- V), 7, 7' e r. 

It is easy to see that this is indeed a (r, cr)-action, i.e. 

T e L = id and T%TL =a( 7l ,7 2 )T^ 72 , V 7l)T2 Gr. 

Also 

(T 7 L )*= CT (7,7- 1 )T 7 i 1 . 

Let 

^ R (r, cr) = |vl G S(^(r)) : [T 7 L , A] =0, V7 G r} 

be the commutant of the left (r, a)-action on £ 2 (F). Here by B(Tt) we denote the algebra of all 
bounded linear operators in a Hilbert space Ti . By the general theory, A R (T, a) is a von Neumann 
algebra and is known as the (right) twisted group von Neumann algebra. It can also be realized 
as follows. Let us define the following operators in £ 2 (F): 

^/(7 , )=/(77y(7 / ,7), 7,7'er. 
It is easy to check that they form a right (r, <r)-action in £ 2 (F) i.e. 

Tf = id and r*T* = a( 7l ,7 2 )T* 72) V 7l , 72 Gr, 

and also 

(T«r = a(7,7- 1 )2f-i. 
This action commutes with the left (r, a)-action defined above i.e. 

Tffi = Tffi, v 7 ,y er. 

It can be shown that the von Neumann algebra A R (T,a) is generated by the operators {T 7 s } 7G r 
(see e.g. a similar argument in |Sh2j ). 

Similarly we can introduce a von Neumann algebra 

A L (T,a) = {Ae B{t 2 {T)) : [T*,A] =0, V7 G r|. 

We will refer to it as (left) twisted group von Neumann algebra. It is generated by the operators 
{T 7 L } 7g r ) and it is the commutant of A R (T,a). 
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Let us define a twisted group algebra C(T,a) which consists of complex valued functions with 
finite support on T and with the twisted convolution operation 

(f*g)(l)= Yl /(7iM7aM7ii7a)- 

7i>72:7i72=7 

The basis of C(T,a) as a vector space is formed by 5-functions {<5 7 } 7g r, ^7(7') = 1 if 7 = 7' and 
otherwise. We have 

<5 71 * 5 r2 = cr(7i,7 2 )5 7l72 . 
Associativity of this multiplication is equivalent to the cocycle condition. 

Note also that the 5- functions {<5 7 } 7g r form an orthonormal basis in £ 2 (T). It is easy to check 
that 

T^Jy = a(7,7')5 77 /, T R 5y = a^'-/' 1 ,-f)6y 1 -i. 

It is clear that the correspondences 5 7 1— > and <5 7 \—* T R define representations of C(r,cr) 
and C(r, a) respectively. In both cases the weak closure of the image of the twisted group algebra 
coincides with the corresponding von Neumann algebra {A L (F, a) and _4^(r, a) respectively). The 
corresponding norm closures are so called reduced twisted group C*- algebras which are denoted 
C*(T,a) and C*(T,a) respectively. 

The von Neumann algebras A L (T,a) and A R (T,a) can be described in terms of the matrix 
elements. For any A £ B(£ 2 (T)) denote A a $ = (A5p,5 a ) (which is a matrix element of A). Then 
repeating standard arguments (given in a similar situation e.g. in _Sh2j we can prove that for 
any A £ B(£ 2 (T)) the inclusion A £ A R (T,a) is equivalent to the relations 

Ajx, jy = x)a(j, y)A XtV , Vx, y, 7 £ T. 

In particular, we have for any A £ A R (T, a) 

Ary X ,"/x — A x ^ x , Vx,7 £ r. 

Similarly, for any A £ B(£ 2 (T)) the inclusion A £ A L (T,a) is equivalent to the relations 

yJ — a(x,j)a(y,"f)A Xi y, Vx,y, 7 £ T. 

In particular, we have 

A X "/,x"/ — A x x , Vx,7 £ r, 

for any A £ A L {T,a). 

A finite von Neumann trace trrs : A L (T,a) — > C is defined by the formula 

tr r ,vA = (AS e ,6 e ). 

We can also write tier, a A = Ay )7 = (A6^, <5 7 ) for any 7 £ T because the right hand side does not 
depend of 7. 

A finite von Neumann trace trr j(T : A R (T,a) — > C is defined by the same formula, so we will 
denote by trp any of these traces. 

Let 7i denote an infinite dimensional complex Hilbert space. Then the Hilbert tensor product 
l 2 (T) tg)Tl is both (r, <r)-module and (T, cr)-module under the actions 7 1— ► Ti'fgiid and 7 t—y T R ®id 
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respectively. Let A^(T, a) and A^(T, a) denote the von Neumann algebras in £ 2 (T)®H. which are 
commutants of the (T, cr)- and (I, <r)-actions respectively. Clearly A^(T,a) = A L (T,a) <8> B(H) 
and A^(T,a) = A R (T,a) <g) B(7i) in the usual sense of von Neumann algebra tensor products. 
Moreover, we have the following 

Lemma 1.1. Any operator A £ „4^(T,ct) can be represented as 

a = XX®a( 7 ), 

where A( 7 ) € B(TC), and the series in the right-hand side of this identity converges in the strong 
operator topology. 

Proof. Let A G A^(T,a). Define a bounded operator A( 7 ) in H by the formula 

A(S e <g> v) = ^2 5 7 ® A (l) v i veH. 

Take any x = J^^er ^7 ® x i G ^ 2 (T) ® Then we have 
Ax = A{5 11 ® x 7l ) 

71 



= ^(Ti^r 1 )- 1 ^^-! <E»id)(<y e ® x 71 ) 
71 

= ^(^r 1 )- 1 ^ ®id)^(<y e ® x 7l ) 

71 

= e ^ Ti -1 ) -1 ^-! ® id) x: 5 72 ^ a( 12 

71 72 

= E 7r 1 )~ 1 o"(727i, 7r 1 )^727i ® -4(72)x 



71- 

71,72 



By the cocycle identity, we have (7(72, 71) (7(72 71, 7 X x ) = o (72, e)cr (71, 7 X x ), that implies 

cr (7i,7r 1 ) _1 °'(727i 5 7r 1 ) = ^(72,7i) 

and, finally, gives 

Ax = ^(72,71)^7271 ®-4(72)x 7l = E T^5 7l (g) A(7 2 )x 7l , 
71,72 71,72 
that completes the proof. □ 

Let us note the following elementary lemma. 

Lemma 1.2. Let A G A^(T,a), A = E 7 er T 7 L ® ^(7)> w/iere ^(7) G T/ien 

sup 76r P(7)||<||^||<EP(7)||, 

7er 

where the righthand side of the inequality is not necessarily finite. 
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Define the semifinite tensor product trace Trr = trr (8> Tr on each of the algebras A^(T, a) and 
Aft(r,a). Here Tr denotes the standard (semi-finite) trace on B(7i). 

The C*-tensor product C*(T,a) (8> tC(Tt) is the norm closure of the algebraic tensor product 
C;(T,a) K{H) C A^(T,a) A L (T,a) B(H) in B(i 2 (T) H) One can give the following 
sufficient conditions for an operator A G A^(T,a) to belong to the algebra C*(T,a) JC(?i). 

Lemma 1.3. If A G Aj^(T,a), A = Yljev^j ®^4(7) *s such that A(j) G KiTL) and also satisfies 
5^||A(7)|| <oo, then AG C* (T , a) ® 1C(H) and \\A\\ < ^p( 7 )||. 

7 7 

Proof. Let i^i C C ■ ■ ■ be a sequence of finite subsets of T which is an exhaustion of T, i.e. 
\J Kj = T. For all j G N, define Aj G A^{T, a) as Aj = ]C 7 er T i ® A?(7)> where 

' A{i) if 7 ei^-; 

otherwise. 

Then in fact Aj G C(r,cr) JC(7i) by definition. Using Lemma ll .21 we have 

IIA-^-ll < ^||(A-^-)(7)|| 

= £ P(7)ll- 

7 er\Ki 

By hypothesis, ||A(7)|| < oo, therefore ||A(7)|| — ► as j — > oo, since ifj is an increasing 

7 7er\Kj 
exhaustion of T. This proves that A G C*(T, a) (g) fC(7i). □ 



^(7) 



1.3. Projectively invariant elliptic operators. As before, let M be a closed Riemannian 
manifold and M be its universal cover. Let £ be a Hermitian vector bundle on M and £ the lift 
of £ to the universal cover M. Let V £ denote a T-invariant Hermitian connection on £. Then 
consider the Hermitian connection V = (g> id + idg)VA on £ (g> L = £ , where C is the trivial 
line bundle on M, Va = d + iA. 

Using the Riemannian metric on M and the Hermitian metric on £ , consider the elliptic self- 
adjoint differential operator given by 

(6) #0) = /iV*V + B + n~ x V, 

where B, V are T-invariant self-adjoint endomorphisms of the bundle £ , /j, is the coupling constant 
and where V satisfies in addition the Morse type condition. Then H(/j,) acts on L 2 (M,£) and is a 
self-adjoint second order elliptic differential operator. It commutes with the magnetic translations 
T 7 (for all 7 G T), i.e. with the (T, <r)-action which was defined above. To see this note first that 
the operators C/ 7 = (7 -1 )* and S y (the multiplication by exp(— iifi^)) are defined not only on 
sections of £ but also on ^-valued 1-forms (and actually on ^-valued p-forms for any p > 0) on 
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M. Hence the magnetic translations T 7 are well defined on £-valued forms as well. The operators 
T 7 are obviously unitary on the I? spaces of £-valued forms, where the 1? structure is defined 
by the fixed T-invariant metric on M and the fixed T-invariant Hermitian metric on £. An easy 
calculation shows that T 7 V = VT 7 on sections of £ . By taking adjoint operators we obtain 

T 7 V* = V*T 7 on £-valued 1-forms. Therefore T 7 V*V = V*VT 7 on sections of £. Since obviously 
TryB = BTry and T~V = V Try , we see that H(fi) commutes with T 7 for all 7. 

Since H(fi) commutes with the (T, <j)-action, it follows by the spectral mapping theorem that 
the spectral projections of H(f£), E(X) = X(-oo,\](E(fi)) are bounded operators on L 2 (M,£) that 
also commute with the (T, cr)-action i.e. T y E(X) = E(X)T 7 , V 7 E T. The commutant of the 
(r, cr)-action is a von Neumann algebra 

Z4(T, a) = {Q e B(fi) : T 7 Q = QT 7 , V 7 E T] , 

where fj = L 2 (M, £). To characterize the Schwartz kernels kg(x, y) of the operators Q E W^(r, a) 
note that the relation T 7 Q = QT 7 can be rewritten in the form 

(7) e^hgijx,^- 1 ^ = k Q (x,y), Vx,yEM V7 E T, 

where we have identified the fibre £ x with the fibre at £~ x via the isomorphism induced by 7. So 
Q E U?>(r,a) if and only if Q E £>(f)) and Q holds. In particular, in this case Uq{x,x) is T- 
invariant. For the spectral projections of H (/i) we also have -E'(A) E £^(r, cr), so the corresponding 
Schwartz kernels also satisfy (|7|). Note that by elliptic regularity, the Schwartz kernels of -E(A) 
are smooth. 

To define a natural trace on U^(T, a) we will construct an isomorphism of this algebra with the 
von Neumann algebra A^(T, a), where TL = L?{T,£\f) and J 7 is a fundamental domain for the 
T-action on M . By choosing a connected fundamental domain T for the action of T on M, we 
can define a (r, <r)-equivariant isometry 

(8) XJ : L 2 (M,£)^e 2 (r)®L 2 {T,£\r) 
as follows. Let i : T — > M denote the inclusion map. Define 

u($ = J^a 7 ®i*(r 7 0), cj) e l 2 (m, £). 

Lemma 1.4. TTie map U : L 2 (M,£) -> ^ 2 (T) <g> I?(T,£ \ T ) defined above in is a (T,a)- 
equivariant unitary operator, where the (T, a) -action on i 2 {T)®L 2 {!F ,£\jr) is given by the operators 
Xf <g> id. 

Proof. Given <fi E L 2 (M,£), we compute 
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U(T 7 0) = <V ® i*(TyT 7 (f>) = ^ a(^',^)Sy ® i*(Ty 7 0) 
7'er 7'er 

= CT(7 / 7 - 1 ,7)5y 7 -i ® i*(r y 0) = (T,f (8) id)U0, 
7'er 

which proves that U is a (r, a)-equivariant map. It is straightforward to check that the operator 
U is unitary. □ 

Since U^(T, a) is the commutant of {T 7 } 7€ r, and A^(T, a) is the commutant of {T^ (g) id} 7e r 5 
we see that U induces an isomorphism of von Neumann algebras U^iT, a) and A^(F, a). Therefore 
we can transfer the trace Trr from A^(T,a) to lA^(T,a). The result will be a semifinite T-trace 
on Ufi(T,a) which we will still denote Tit. 

Note that the trace Trr is faithful. This follows by well known arguments from the theory of 
von Neumann algebras, which are reproduced for instance, in |Taj on pages 316-317, in the proof 
of Proposition V.2.14. The result in |Taj is directly applicable to the case of the trivial multiplier 
only, but the arguments easily work in the general case. In the case of non-trivial multiplier the 
trace was briefly considered by Briining and Sunada |BrSuj . who also observed the faithfulness of 
the trace. 

It is easy to check that for any Q G U^(T,a) with a finite T-trace and a continuous Schwartz 
kernel /cq we have 

Trr Q = J tvkQ(x,x)dx 

where dx denotes the T-invariant measure and tr the pointwise trace. An important particular 
case is a spectral projection E(X) of the elliptic self-adjoint operator -ff(^), which has a smooth 
Schwartz kernel and so a finite T-trace. Therefore we can define a spectral density function 

N r (X;H) = Tr r £(A), 

which is finite for all A G 1R. It is easy to see that A \—* iVr(A; H(fi)) is a non-decreasing function, 
and the spectrum of H(fi) can be reconstructed as the set of its points of growth, i.e. 

spec(#Gu)) = {A G R : iV r (A + e; H(fx)) - N r (X - e; H{^)) > 0, Ve > 0}. 



2. Refined semiclassical approximation principle and existence of spectral gaps 

The main goal of this section is to prove Theorem ^ and the first part of Theorem [2j We 
start with an abstract operator-theoretic setting, where similar results can be stated. Then these 
results are applied to projectively invariant elliptic operators with invariant Morse type potentials 
on covering spaces of compact manifolds. 
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2.1. General results on equivalence of projections and existence of spectral gaps. Let 21 

be a C*-algebra, H a Hilbert space equipped with a faithful ^representation of 21, ir : 21 — > B(H). 
For simplicity of notation, we will often identify the algebra 21 with its image 7r(2l). 

Consider Hilbert spaces Hi and H2 equipped with inner products (-,-)i an d (v)2- Assume 
that there are given unitary operators V\ : Hi — ► H and V2 : H2 — > H. Using the unitary 
isomorphisms Vi and V2, we get representations 7Ti and -K2 of 21 in Hi and H2 accordingly, 
717(a) = V, -1 o tt(o) o Vi, I = 1, 2, a e 21. 

Consider (unbounded) self-adjoint operators A\ in Hi and A2 in H2 with the domains Dom(^4i) 
and Dom(A2) respectively. We will assume that 

• the operators A\ and A2 are semi-bounded from below: 

(9) {A\u, u)i > A01 IMIij « G Dom(ii), 

(10) (A 2 u,u) 2 > A 2||«|||, u € Dom(i 2 ), 

with some A01, A02 < 0; 

• for any t > 0, the operators e~ tAl ,l = 1, 2, belong to 7T;(2l). 

Let Ho be a Hilbert space, equipped with injective bounded linear maps i\ : Ho — > Hi and 
?2 : Ho — ► H2. Assume that there are given bounded linear maps p\ : Hi — ► Ho and j>2 : H2 — > Ho 
such that pi oi x = id^ and P2°i2 = id^ . The whole picture can be represented by the following 
diagram (note that this diagram is not commutative). 




Consider a self-adjoint bounded operator J in Ho- We assume that 

• the operator V^^PiVf 1 belongs to the von Neumann algebra 7r(2l)"; 

• for any a € 21, the operator 7r(a)V2(«2^Pi)V 1 ~ 1 belongs to vr(2l). 
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Since the operators i\ : Ho — > W/, Z = 1,2, are bounded and have bounded left-inverse operators 
Pi, they are topological monomorphisms, i.e. they have closed image and the maps i\ : Ho — ► lvn.ii 
are topological isomorphisms. Therefore, we can assume that the estimate 

(11) p^H^-^lh < 1 1 « i «7"ix 1 1 1 < pH^Jul^, ueHo, 
holds with some p > 1 (depending on J). 

Define the bounded operators Ji in Hi, I = 1,2, by the formula J; = iiJpi- We assume that 

• the operator J\, I = 1, 2, maps the domain of ^4; to itself; 

• J; is self-adjoint, and < Ji < id^ ; , Z = 1,2; 

• for u G Ho, ii G Dom(^4i) iff 12JU G Dou^^)- 

Denote D = {u £ Wo : ii Jn G Dom(^4i)} = {m 6 Tfo : G Dom(A2)}. 

Introduce a self-adjoint positive bounded linear operator J[ in Hi by the formula Jf+J[ 2 = id^ ; . 
We assume that 

• the operator J[, I = 1,2, maps the domain of Ai to itself; 

• the operators [Ji, [Ji,A{\] and [J[, [J[,Ai\\ extend to bounded operators in Hi, and 

(12) max(|p,[J^]]||,, ||[JMJ/,4]]||0<71, Z = 1 ' 2 - 
Finally, we assume that 

(13) (AiJ'iU, J[u)i > ai\\ J[u\\f, u G Dom(Aj), Z = 1,2, 
for some a; > 0, and 

(14) (A2t2Ju, %2Ju)2 < /?i (-AiiiJu, «i«7it)i + £i||ii Ju||f , u E D, 

(15) (^-in Jm, ii Jit)i < (32{A 2 i2Ju, i2Ju)2 + e2\\hJu\\\, ueD, 
for some 0i, 02 > 1 and £1,62 > 0. 

Denote by Ei(X),l = 1,2, the spectral projection of the operator Ai, corresponding to the 
semi-axis (—00, A]. We assume that there exists a faithful, normal, semi-finite trace r on 7r(2l)" 
such that, for any t > 0, the operators V/e - *" 4 ' V z _1 , / = 1,2, belong to 7r(2l) and have finite trace. 
By standard arguments, it follows that Vz^(A)V z _1 G vr(2l)", and r(V;£'/(A)V^ 1 ) < 00 for any 
A,/ = 1,2. 

Theorem 2.1. Under current assumptions, let b\ > a\ and 

na\ \ a ( ( a l +7l - ^0l) 2 \. . 

(16) a 2 = p fix ai + 71 + — + £1 

L V «i - °i - 7i / 

(17 , b = P2 l {blp~ l ~ £2)(«2 ~ 72) ~ «272 + 2A 272 - Ag 2 

2 a2-2Ao2 + /3 2 " 1 (M~ 1 -£2) 

Suppose that a± > a\ + 71, «2 > 62 + 72 arad &2 > 02- // £/ie interval (a±, bi) does not intersect 
with the spectrum of A\, then: 

(1) the interval (02,62) does not intersect with the spectrum of A 2 ; 
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(2) for any X\ G (a\,b\) and X 2 G (02,62); the projections Vi-Ei(Ai)V 1 " 1 and V 2 E 2 (X 2 )V 2 ~ 1 
belong to 21 and are Murray-von Neumann equivalent in Si- 
Remark 2.2. Since p > 1, /?i > 1, 71 > and £1 > 0, we, clearly, have 02 > ai- The formula Q17JI 
is equivalent to the formula 

t l (, , . (62+72- a 02 ) 2 \ . 

bi = p (3 2 [b 2 + 72 + r — + ^2 , 

L V «2 - 62 - 72 / 

which is obtained from (|16j). if we replace ai, 71, £1, A01 by a 2 , P 2 , 72, £2, A02 accordingly and 
ai and 02 by 62 and b\ accordingly. In particular, this implies that b\> b 2 . 



2.2. Localization theorem for spectral projections. The goal of this Section is to prove 
Proposition 12.31 which we need for the proof of Theorem 12.11 

Let A\ be an (unbounded) self-adjoint operator in a Hilbert space Ti\ with the domain Dom(^4i). 
We assume that A\ is semi-bounded from below: 

(18) (Aiu,u) > A ||ii|| 2 , u G Dom(Ai) 
with some Ao < 0. 

Let J be a self-adjoint bounded operator in H\ that maps the domain of A\ into itself, J : 
Dom(j4i) — > Dom(Ai). We assume that < J < id^. Introduce a self-adjoint positive bounded 
operator J' in Hi by the formula J 2 + (J') 2 = id^. We assume that J' maps the domain of A\ 
into itself, the operators [J, [J, A\]] and [J', [J',yli]] extend to bounded operators in TL\ and 

(19) maxdU^A^W, \\[J>, [J>, A^l) < 7. 



Finally, we assume that 

(20) (At J'u, J'u) > a|| J'uf, u G Dom(Ai) 
for some a > 0. 

Denote by -E'(A) the spectral projection of the operator A%, corresponding to the semi-axis 
(—00, A]. We have 

(21) (Ai^(A)n, E(X)u) < X\\E(X)uf, u G Dom(^i). 
Proposition 2.3. If a > A + 7, then we have the following estimate 

(22) \\JE{X)uf > a ~ A ~ 7 ||^(A)n|| 2 , ueHi. 

a — Ao 

Remark 2.4. Note that in the case A < Ao the statement is trivial. In the opposite case A > Ao, 
since a > X + 7 and 7 > 0, the coefficient, entering in the right-hand side of the formula Q22|). 
satisfies the estimate 

a — X — 7 
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Proof. We can assume that A > Ao- By the IMS localization formula (see |Shj and references 
there), we have 

(23) A 1 = JA 1 J + J , A 1 j' + ^[J,[J,A 1 ]] + ^[j',[f,A 1 ]]. 

Applying this formula to E(X)u, u G Dom(Ai), we get 

(A l E(X)u,E(X)u) = (Ai JE(X)u, JE(X)u) + {A x j'E{X)u, J'E(X)u) 

(24) 1 1 

+ -([J, [J, Ai]]£?(A)«, S(A)«) + -([J , [J', A 1 ]]E(A)n, £(A)«). 

Combining (HD, (|23J, (ZB, CHI), d, we get 

||J'£(A)d| 2 < —(AiJ'E(X)u, J'E(X)u) 
a 

= -((AiS(A)«,S(A)«) - (AiXE(AW, JE(X)u) - -([J, [J, Ax]]E(X)u, E(X)u) 
a 2 

-i([J',[J',A 1 ]]£;(AK J B(A)u)) 
<I((A + 7 )||S(A)«|| 2 -Ao[|J^(AH 2 ). 

Hence, we have 

|| JE{X)u\\ 2 = ||£(A)u|| 2 - || J'E(X)u\\ 2 >(l- ||£(A)u|| 2 + — 1| J£(A)u|| 2 , 

\ a J a 

that immediately implies the required estimate (|22[). □ 
Corollary 2.5. If a > A + 7, i/ien we /iaue i/ie following estimate: 

(25) ||J'£(A)n|| 2 < A + 7 ~ A ° ||g(A)n|| 2 , u G W x . 

a — Ao 

Proof. This follows immediately from the equality ||Jv|| 2 + || J'u|| 2 = ||v|| 2 for any v G Hi- □ 
Corollary 2.6. // a > A + 7, i/ien we have the following estimate 

(26) (AiJE(X)u, JE(X)u) < ( A + 7 — A A + 7 ~ A ° ) ||S(A)n|| 2 , u G Dom(Ai). 

V a — An / 



Proof. Prom (|2l|) and 1)25 Jl . we get 

(AiJ^(A)n, JE(X)u) = (A 1 E(X)u,E(X)u) - (Ai J'E(X)u, J'E(X)u) 

- i([ J, [J, A X ]]E(A)«, E(X)u) - i([J', [J', AJ^AX £(A)«) 
< ((A + 7 )||^(A)n|| 2 - Ao|| J'^(A)n|| 2 ) 

<(a + 7-A A + 7 " Ao ) ||E(A)«f, 
V a - A / 

as desired. □ 
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2.3. Proof of Theorem 12. 1L In this Section, we will use the notation of Section 12.11 We start 
with the following 



Proposition 2.7. If a\ > \\ + 71 and 

A 2 > P 

then there exists 8q > such that 



, , . , , Ai +71 - Aqi) 2 

Pi Ai + 71 H - + £l 

oci - Ai - 71 



(27) ||£ 2 (A 2 )i 2 Jpi£i(Ai) U || 2 >e ||^i(Ai)n||f, «e£ 

Proof. Applying 1)14(1 to a function pi£'i(Ai)ti, u € Dom(Ai) and taking into account that J\ 
iiJpi, we get 

(28) {A 2 i 2 Jp 1 E 1 {\ 1 )u,i 2 Jp 1 E 1 {\ 1 )u) 2 < f3 1 {A 1 J 1 E 1 {\ 1 )u,J 1 E 1 {\ 1 )u) 1 +e 1 \\J 1 E 1 {\ l )u\\l. 

Clearly, for any A and / = 1, 2 we have the estimate 

(29) {Ai{id Hl -Ei(X))u, (id W; -Ei{X))u)i > X\\(id Hl -^(A))n|| z 2 , u £ Dom(ii). 

By (HH), JTUJ) and (JTTJ), it follows that 

(30) (^2«2Jpi£i(Ai)-M 2 Jpi£i(Ai)u)2 = (A 2 £ 2 (A 2 )i 2 Jpi£i(Ai)u,£ 2 (A 2 )i 2 Jpi£i(Ai)u) 2 

+ (^ 2 (id^ 2 -£ 2 (A 2 )>' 2 JpiSi(Ai)it, (id^ 2 -£ 2 (A 2 ))z 2 JpxEi(Xi)u) 2 
> Ao2||^2(A 2 )i2«/pi^i(Ai)u||| + A 2 ||(id W2 -E 2 {X 2 ))i 2 Jp 1 E x {Xi)u\\ 2 2 
= A 2 ||i 2 Jp 1 ^(Ai)u||l - (A 2 - A 02 )|| J E2(A2)i2Jpi^i(Ai)u||2 



> X 2 p- L \\JiE 1 (Xi)u\\( - (A 2 - A 02 )|| J E 2 (A 2 )i 2 Jpi J Ei(Ai)«| 



2- 



From the other side, by (|28|). (|26|). we have 
(31) (^ 2 « 2 Jpi£a(Ai)u, i 2 Jp 1 E 1 (\ 1 )u) 2 



2 



< /^(AiJi^AiK Ji£;a(Ai)n)i + ei|| Ji^i(Ai)u||f 

< Pi f Ai +71 - A 01 Al + 7l ~ A ° 1 ') pi(Ai)u||? + ei|| ^(Ai)«||?. 
V «i - A01 / 



Combining (|3fl]> and (jHU, we get 

A2P _1 ||^i(Ai)«||? - (A 2 - \o 2 )\\E 2 {X 2 )i 2 Jp 1 E x {X x )u\ 



2 



< Pi ( A x +71 - Aoi Al + 7 \ Aq1 ) \\Ei{Xi)u\\{ - ,11./, L\ (A, H| T \ 

«i - Aqi 



18 



Y. KORDYUKOV, V. MATHAI, AND M. SHUBIN 



that implies, using (|22jl. 
||^(A 2 )»2.7pi£i(Ai)u||! 



> 



1 



^2 — Ao2 
1 



(A 2 p _1 - £i)||Ji£i(AiH|? - 0i ( Ai +7i - A 01 Al+7 \ Ao1 ) \\Ex(\i)u\\i 



> 



i \ -i sQ!i-Ai-7i 
[X 2 p -£i)- 



A Ai + 7i - A: 



ai - Aoi 
Ai + 7i - A i 



A2 — A02 |_ v ^ r 17 a i ~ Aoi V (± 01 ai — Aqi 

as desired. □ 

Remark 2.8. Note that we only used estimate (|14|) (but not (|15jl ) in the proof of Proposition l2~7l 

Proof of Theorem \2.1\ As above, we will use the notation of Section 12.11 Take arbitrary Ai G 
(a\,bi) and A2 G (02,^2)- Consider the bounded operator T = V 2 E 2 (X 2 )i 2 JpiEi(Xi)Vi 1 in TC. 
By assumption, T belongs to the von Neumann algebra 7r(2l)". 



|£i(Ai)u| 



Since 



and (see Remark 12.2 



A2 > a 2 = p 



AU1 + 71 + 



(ai + 7i ~ Aqi) 2 
ai - a\ - 71 



+ E1 



> P 



lh 



b 2 + 72 + 
A2 + 72 + 



(62 + 72 - A02) 5 



a 2 — b 2 
(A 2 + 72 - 



- 72 
Ao2) z 



a 2 — A 2 



72 



£■2 



S 2 



it follows from Proposition 12 . 71 that the map 

E 2 (\ 2 )i 2 JpiEi(\i) = E^X^JpxExiax + 0) : Im E x (Xi) -> Im £ 2 (A 2 ) 
is injective and has closed image, and the map 

(-E 2 (A 2 )z 2 Jr£i(Ai))* = E x {Xi)iiJp 2 E 2 {X 2 ) = E x (b x - 0)i x Jp 2 E 2 {X 2 ) : Im E 2 (X 2 ) -» Im ^i(Ai). 
is injective. Hence, the map i? 2 (A 2 )i 2 Jpi.Ei(Ai) : Im E X (X X ) — > Im £2^2) is bijective. 

Let T = US, U,S£ vr(2l)", be the polar decomposition of T. Since Ker T = Vi(Im £i(Ai)) = 
Im Vi#i(Ai)Vr 1 and Im T = V 2 (Im £ 2 (A 2 )) = Im V 2 ^2(A 2 )V 2 " 1 , C/ is a partial isometry that 
performs the Murray-von Neumann equivalence of the projections V X E X (X X )V X 1 and V2-£' 2 (A 2 )V2~ 1 
in the von Neumann algebra 7r(2t)". 

Since the interval (a x ,b x ) does not intersect with the spectrum of A x , the spectral density 
function r(Vii?i(Ai)V 1 ~ 1 ) is constant for any Ai G (a x ,b x ). Using the Murray-von Neumann 
equivalence of ViE x (Xi)V 1 ~ 1 and V 2 E 2 (X 2 )V 2 ~ 1 and the tracial property, we conclude that the 
spectral density function t(V 2 E 2 (X 2 )V 2 ~ 1 ) is constant for any A2 G (a 2 ,b 2 ). Since the trace r is 
faithful, the interval (a 2 , b 2 ) does not intersect with the spectrum of A 2 , that completes the proof 
of the first part of Theorem 12.11 



Note that E X (X X 



Xu 



,00) 



(e tAl Y Using the fact that Ai belongs to a gap in the spectrum 



A\ and e 1 G 7Ti (2C) , one can replace \[ e 



,00) 



by a continuous function and obtain that 
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£i(Ai) G 7Ti (21) for any Ai G (ai,6j). Similarly, £^2(^2) G 7i"2(2l) for any A2 G (02,62)- By 
assumption, this implies that T belongs to the C*-algebra 7r(2t). 

Lemma 2.9. Let 21 be a C* -algebra, TC a Hilbert space equipped with a faithful * -representation 
o/2l, 7r : 21 — > B(TC). If P G 7r(2l) /ias closed image and P = US is its polar decomposition, then 
C/,SGvr(2l). 

Proof. We will identify 21 with 7r(2t). Since P has closed image, the operators P* and P*P also 
have closed image, hence is an isolated point in the spectrum of P*P. Then it follows that the 
projection on the kernel of P (or, which is the same, the kernel of P*P) is in the C*-algebra 21. 
Clearly S = VF*P is in 21 and has its isolated point in the spectrum. Now we define a bounded 
operator S^ 1 ^ in TC by the equalities S ,( - _1 ^(5x) = x,x G (Ker S) ± , on Im S and S^ 1 \x) = 
on the orthogonal complement (Im 5 1 )- 1 -. Since S^~^ is given as f(S), where / is a continuous 
function on the spectrum of S defined as /(A) = A -1 if A / 0, /(0) = 0, we see that S^ -1 ) is in 
21. It remains to notice that U = PS^ 1 ^. □ 

Applying Lemma 12.91 to the operator T, we get that the partial isometry U G 7r(2l) performs 
the desired Murray-von Neumann equivalence of the projections Vi-E'i(Ai)V 1 ~ 1 and l^-E^^)!^ 1 
in the C*-algebra vr(2l). □ 

Corollary 2.10. Under assumptions of Theorem \2.1V for any \\ G (ai,b\) and A2 G (02,62), the 
spectral projections Vi-Ei(Ai)V{" 1 and V^-Eb^)!^ 1 define the same element in K-theory of%: 

[Vi^AOVf 1 ] = [V 2J E2(A 2 )V 2 - 1 ] G K (2t). 

2.4. The model operator and equivalence of spectral projections in the C*-algebra. 

As above, let M be a compact connected Riemannian manifold, V its fundamental group and M 
its universal cover. Let £ be a Hermitian vector bundle on M and £ the lift of £ to the universal 
cover M. Let u be a closed real-valued 2-form on M such that B = p*u is exact, B = dA, where 
A is a real- valued 1-form on M. 

As above, consider the elliptic self-adjoint differential operator in L 2 (M,£) given by 

H{p) = /iV*V + B + iT x V, 

where V is a Hermitian connection on the vector bundle £ over M of the form V = V £ (g) 
id + id(8)VA, where V £ is a T-invariant Hermitian connection on £, Va = d+ iA is a Hermitian 
connection on the trivial vector bundle, B, V are T-invariant self-adjoint endomorphisms of the 
bundle £ , and where V satisfies in addition the following Morse type condition: V(x) > for all 
x G M. Also if the matrix V(xq) is degenerate for some xq in M, then V(xq) = and there is a 
positive constant c such that V(x) > c\x — xo\ 2 I for all x in a neighborhood of x$. We will also 
assume that V has at least one zero point. 

Choose a fundamental domain J- C M so that there is no zeros of V on the boundary of T. 
This is equivalent to saying that the translations {7^", 7 G T} cover the set y _1 (0) (the set of 
all zeros of V). Let F _1 (0) n T = {xj\j = 1, . . . , N} be the set of all zeros of V in T\ X{ / Xj if 
« + 3- 
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Let K denote the model operator of H (cf . |Shj ) , which is obtained as a direct sum of quadratic 
parts of H in all points x\, . . . ,xn- More precisely, K is an operator in L 2 (R™, C^)^ given by 

K = ®i<j<NKj, 

where Ka is an unbounded self-adjoint operator in L 2 (M n ,C fe ) which corresponds to the zero Xj. 
It is a quantum harmonic oscillator and has a discrete spectrum. We assume that we have fixed 
local coordinates on M and trivialization of the bundle £ in a small neighborhood B(xj,r) of Xj 
for every j = 1, . . . , N. We assume that Xj becomes zero in these local coordinates. Then Kj has 
the form 

Kj = Hf> +B j + V} 2 \ 

(2) 

where all the components are obtained from H as follows. The second order term H- is a 
homogeneous second order differential operator with constant coefficients (without lower order 
terms) obtained by isolating the second order terms in the operator H and freezing the coefficients 

(2) (2) 

of this operator at aij. (Note that Hj does not depend on A.) The zeroth order term Vj is 
obtained by taking the quadratic part of V in the chosen coordinates near Xj . 

More explicitly, 

tt(2) ikr- \ ^ rr(2) 1 9 2 V 

i h— 1 5 fr— 1 

tjft, _1_ tjAi/ J. 

where (g lk ) is the inverse matrix to the matrix of the Riemannian tensor (gik)- 

Finally, Bj = B(xj), j = 1, . . . , N, so Bj is an endomorphism of the fiber of the bundle £ over 
the point Xj. 

We will also need the operator 
where 

Kj(ji) = 

It is easy to see that K(fj,) has the 

We will say that H is flat near Xj if H(fi) = Kj(fi) for all /x near Xj. (In particular, in this case 
we should have A = near Xj.) 

We are going to apply Theorem 12.11 in the following particular setting. Take the C* algebra 21 
to be C r *(r, a) K. Let H be the Hilbert spaceJ 2 (T) ® ^ 2 (N). Put Hi = ^ 2 (r) ® L 2 (M n , C^^ 
(£ 2 (r)(g)i3x in the above notation) and TL2 = L 2 (M, £) (denoted by Sj above). Choose an arbitrary 
unitary isomorphism V\ : L 2 (M. n ,C k ) N — > £ 2 (N) and define an unitary operator V\ : TL\ — > Ti as 
Vi = id ®V\. Similarly, choose an arbitrary unitary isomorphism V2 ■ L 2 (!F,£\f) — > £ 2 (N) and 
define an unitary operator V2 : Ti-2 -> W as V2 = (id<8)V2) o U, where U is the (r, cr)-equivariant 
isometry (jHJ). 

Let 7T be the representation of the algebra 21 in H given by the tensor product of the repre- 
sentation of C*(r,cx) on £ 2 (T) by left twisted convolutions and the natural representation of /C in 



K(y) = ®i<j< N Kj(ij,), 

fiHf +B j + n- 1 v} 2 \ n>0. 
same spectrum as K = K(l). 
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£ 2 (N). Sowehave7r(C;(r,a)®/C) C A^ 2(N) (T,a) and vr(C7 T *(r, a) ® K)" = A^ {N) (T, a). Using the 
unitary isomorphisms V\ and V2, we get representations ti\ and 1T2 of 21 in Hi and H2 accordingly, 
7r,(a) = V, -1 o vr(a) o V/, I = 1, 2, a G 21. 

Consider self-adjoint, semi-bounded from below operators A\ = id <g)K(f/,) in Hi and A2 = H(fi) 
in H 2 . It is clear that e~ tAl = \&®e~ tK ^ G vri(2l) = C*(T,a) (g> for any t > 0. As shown 

in Lemma [4.41 b elow . for any t > 0, the operator e - *" 42 belongs to 7^(21). Remark that, in notation 
of Theorem 12 #i(A) = id®^°(A) and E 2 (X) = E(X). 

Let Ho = i 2 (T) <g> (^BjLiL 2 (B(xj, r), £\B(w j ,r)i) ■ An inclusion i\ : Ho — ► Hi is defined as 
«1 = idtgiji, where ji is the inclusion of \®N =l L 2 (B{xj, r), £|.B(%,r))J i R i 2 (K n ,C fc ) 7V given by 
the chosen local coordinates and trivializations of the vector bundle £. An inclusion i% : Ho — ► H2 
is defined as i 2 = U* o (id ? where j'2 is the natural inclusion of \®^ =l L 2 {B{xj^ r), <?|_B(x^,r))^ 
in L 2 (^", £|jr). 

The operator pi : Hi — ► Ho is defined as pi = id(g)ri, where r\ is the restriction operator 
L 2 (W n ,C k ) N -> ©jLii 2 (-B(%,r),f r |B(s i ,r))- Th e operator p 2 : Hi -► H is defined as p 2 = 
(id<S>r2) o U, where T2 : L 2 {!F,£\p) — * ®^ = \L 2 {B{xj,r),£\ B ^ s ..^) is the restriction operator. 

Fix a function G C$°(R n ) such that < 4> < 1, = 1 if \x\ < 1, <f)(x) = if |x| > 2, and 
0' = (1 — 2 ) 1 / 2 G C°°(IR n ). Fix a number k, < k < 1/2, which we shall choose later. For any 
fi > define cj)^'{x) = 4>(n~ K x). For any /i > small enough, let ^ = 00*) G C~(S(ffij-,r)) in the 
fixed coordinates near Xj. Denote also 4>j n = {^~ l )*4>j. (This function is supported near 7%.) 
We will always take \x G (0, \xq) where \i§ is sufficiently small, so in particular the supports of all 
functions <j>j~ are disjoint. 

Let $ = @f =1 <j)j G ®f =1 C™(B(xj,r)) C C 00 ^). Consider a (r, cr)-equivariant, self-adjoint, 
bounded operator J in Ho defined as J = id®<!>, where $ denotes the multiplication operator by 
the function $ in the space (Bf = iL 2 (B(xj, r), £\b{x,t))- 

It is clear that V^-^PiV^ 1 = id f&V^ JciriVp 1 , where j2^o r i is the multiplication operator by 
the function <£, considered as an operator from L 2 (R n , C k ) N to L 2 ^, £1^). Hence, one can easily 
see that the operator T-'^^PiVf 1 belongs to the von Neumann algebra 7r(2l)" = Ap^\(T, &) = 

A L (T, a)®B(£ 2 (N)), (z2</pi)* = hJp2 and, for any a G 21, the operator 7r(a)V2(z2</pi)V 1 ~ 1 belongs 
to vr(2l). 

We will use local coordinates near Xj such that the Riemannian volume element at the point 
Xj coincides with the Euclidean volume element given by the chosen local coordinates. Similarly 
we will fix a trivialization of the bundle £ near xj such that the Hermitian metric becomes trivial 
in this trivialization. Then the estimate holds with p = 1 + 0(fi K ). 

Denote by the same letters <f) and <j>' the multiplication operators in L 2 (M™, C k ) by the functions 
4> and 4>' accordingly. Let $1 and be the bounded operators in L 2 (R n , C k ) N = L 2 (R n , C k )®C N 
given by $1 = <t> <8> id c jv and ^ = </>' <8> id c jv. Then we have J\ = id<8>$i and J( = id©$i in 
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1 2 {T) ® L 2 (R", C k ) N . Let $ 7 = ©jLi&yy G ©f =1 C c °°(£(7%, r)) C C°°(M) and $ 2 = £ 7 gr $7 G 

C°°(M). Define a function $ 2 G C°°(M), $' 2 > by the equation (<£» 2 ) 2 + ($ 2 ) 2 = 1 in C°°(M). 
The operators J 2 and J 2 are given by the multiplication operators by the functions < I> 2 and <£ 2 in 
L 2 (M,£) respectively. 

(2) 

Let a\ j, j = 1, 2, . . . , N, be the principal symbol of -fC,-, which is a function on T*M. n : 

n 

i,fe=l 

Then the operators [J\, [Ji, vli]], [J{, [J{, Ax]] are given by — fi id (8) ^ffii<j<Aro^ 2 j (a?) d(f>(x)) J and 
-/iid® (©i^jvaQ^d^'^))) in f(T) L 2 (R n ,C k ) N accordingly Similarly, let a { 2 2) be the 
principal symbol of H(l), which is a function on T*M: 

n 

af\x,0 = E 9 l \x)Uk, (x,0 G T*M. 

i,fc=l 

Then [J 2 , [J 2 , A 2 ]], [J 2 , [J 2 , A2]] are the multiplication operators by functions — fj,a 2 (x, d$ 2 (x)) 
and —/j,a 2 2 \x, d$' 2 (x)) in L 2 (M,£). Therefore, 

7 2 = //max (^sup :rg ^(a 2 2) (x,d$ 2 (x))),sup xg ^(4 2) (j;,d$ 2 (a;)))^ = 0(//~ 2ft ). 

Since there exists Co > such that > cofi 2K ,j = 1,2, . . . , N, on supp^' and V > cq^l 2k on 
supp^, the estimates (|13|) hold with = c/i _1+2K (see |Shl Lemma 3.3] for more details). 

The constants = 1,2, can be chosen to be independent of fi. One can take 

A i = A Q (#(l))_, 

where Xq(K(1)) is the bottom of the spectrum of the operator K(l) in L 2 (M n ,C fc ) Ar (a_ = 
min(a, 0)) and 

A 02 = mf xe ^X (B(x))-, 

where \q(B(x)),x G M, is the lowest eigenvalue of the linear map B{x) : £ x — > £ x given by the 
action of the endomorphism B in fibres of £. 

Finally, the estimates ((HJ) and (JEJ) hold with A = 1 + 0(/z K ) and e ; = 0(^ 3k_1 ). This is an 
immediate consequence of the next lemma, which is an easy extension of Lemma 3.4 in |Shj . We 
will state this lemma in a slightly more general situation than we need in this paper. 

Let B(0,r) denote the open ball in R n with radius r centered at the origin. Consider volume 
elements ux and uj 2 of the form lo\ = y/gi(x) dx, I = 1,2, where gi G C°°(B(0,r)) and gi > 0. 
Let (•, -)i,l = 1, 2, denote the inner products in C£°(B(Q, r), C fc ) given by the volume elements u>i 
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and the standard Hermitian structure in C k and L 2 (B(0, r), C k , u>i) the Hilbert space of square 
integrable C fc -valued functions on B(0,r) equipped with the inner product (•, •);. 

Consider formally self-adjoint differential operators TJ, I = 1, 2, in L 2 (B(0, r), C k ,ooi), depending 
on a small parameter \i > 0, of the form 

T l = - l iB> l + B l + l r x V h 1 = 1,2. 

Here D[ is a second order formally self-adjoint uniformly elliptic differential operator with a 
negative principal symbol, so that — D\ is semi-bounded from below on C^°(B(0, r), C fc ); B[ and 
Vi are zero order formally self-adjoint operators, i.e. the multiplication operators by Hermitian 
k x k matrix functions B[ and V/ respectively. 

Being formally self-adjoint the operator D\ should have the form 

Dl = A^+A^+Af\ 

where is an operator of order s, s = 0, 1, 2, 



Kr,s<n 



A 11 ' = E -M*>s?. 

l<r<n 

A,rs and are k x k smooth matrix functions on B(0, r); yl| ^ is just a multiplication by a 
smooth matrix function Af ) \x). 

The principal symbol of —D\ is the matrix function on B(0, r) x M n 

l<r,s<n 

For the self-adjoint operator —D\ its uniform ellipticity and semi-boundedness from below mean 

(2) 

that the matrix a ; is positive definite for all (x,£) £ -6(0, r) x W 1 and 

(32) af 2) (x,0 > Q|e| 2 , (x,0 G B(0,r) x R n , 

with some constants C; > 0. 
Let us assume 

Ai,„(0) = A 2i „(0), Bi(0) = B 2 (0), Vi(0) = F 2 (0) = 0, 
^(O) = 0(O)=O, r-L2.....,, 

1 :W = 77^t(0), r, S = l,2,...,n. 



dx r dx s dx r dx s 



Assume also that 5/(0) = 1,1 = 1,2, i.e. the volume elements cjj = yj gi{x) dx, I = 1,2, at the 
origin coincide with the Euclidean volume element in M n . 
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Finally, as above, let G C~(R n ) satisfy < < 1, (j){x) = 1 if \x\ < 1, = if |x| > 2, 
and, for any \x > small enough, define (j)^'(x) = 4>([i~ ft x),x G B(0,r). Denote by the same 
letter cj)^' the multiplication operator in C c °°(£(0,r),C fe ) by the function <f>W). 

Lemma 2.11. Let 1/3 < k < 1/2. There exist C > and /io > swc/i that for any fj, G (0, /io) ; 

(33) (Ts^'m, ( ^u) 2 < (1 + CVXTi^u, </)W«)i + C^^Wm, ( ^n)i 

for any u G C c °°(S(0, r), C fe ). 

Proof. We want to estimate from above the quadratic form (X^^u, (f)^'u)2 in terms of the form 
(T 1( f)^u,(f>^u)i for any u G C~(B(0, r), C fc ). We start with the term 



f^2,r S (x) 

<r,s<n \ 



0X r 



g 2 dx. 



(34) (-/x4 2 V M ^,^^)2 

Denote by D((p^u) the fcxn matrix of all first partial derivatives of all components of the vector 
4>M U . Let \\D((f>^u)\\ be the L 2 norm of D(jp^u) considered as a vector function: 

2 \ V2 



D 



u 



'|x|<2 M - 1<r<n 



r/.x 



Similarly denote by H^^itHo the L 2 -norm of <p^u with respect to the Euclidean volume form: 

,1/2 

||^n||o 



/ 




2 \ 

dx 


V J|x|<2^ K 







Since <7/(0) = 1, 1 = 1, 2, we have 

(1 - C^)U^u\\l < \\^u\\f < (1 + C^)||^n|| 2 , Z = 1,2, 
with some constant C > 0. From 1)32(1 it follows that 

(35) Ci||£>(^>u)[|g < (-4 2 V (M) «,0 M «)o < C 2 ||£)(^)u)[|g, I = 1,2, 

with some constants Ci, C2 > 0. Replacing in Q34j) by y/gi and A2 )rs (x) by Ai )rs (a;), we add 
terms of similar form but with additional factor 0(fi K ). Taking into account (|35[). we get that 
there exist C > and Ho > such that for any \i G (0, jUo) 

Now estimate the term (— fiA^^ (f>^ u, <p^u)2- Then we obviously have for every e > 

|(-/x4 1 V M «,^ ) «)2| < CHW (M Mllo||<^||o < C/xepC^uJIlg + C/ie- 1 !!^)^^. 
Taking e = fi K and using (|35[) we obtain 

K-Z^V^^Mal < C/j k (-/iAi 2) ^ ) «^ ( ' i) «)i + C/i 1 ~ K (0 ( ' l) u,^ ) u)i, /i G (0,/xq). 



Also obviously 



|(-^4 V (M) w,^ (M) n)2| < C/i(^u,0^u)i. 
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Therefore we obtain for small /j, 

{-fiD 2 u,u) < {l + Cfi K ){-fiAfU (ll) u,(t> { ' l) u) 1 + Cfi l - K (^u,(t> {fl) u) 1 . 

Replacing B 2 (x) by B\{x) and y/g^ by ^fg\ in the quadratic form (B 2 (f>^ u, (f)^ u) 2 contributes 
a term which can be estimated by Cfj, K ((f)^'u,(f)^'u)i: 

Finally, we have 

| ) «- 1 (y 2 ^u,^u) 2 - i u- 1 (Fi^n,^n)i| < C^-^^u^^u)!. 
Gathering together all these estimates, we obtain (JHSJ- D 

Now we complete the proofs of Theorem ^ the first part of Theorem |2] and Corollary 
Assume that the interval [a, b] does not intersect with the spectrum of A\. Then there exists an 
open interval (a\,bi) that contains [a, b] and does not intersect with the spectrum of A\. Using 
the formulas 

P =i + o(^), ai = o^- 1+2K ), a = i + o(^ k ), 

£l = Oiv?*- 1 ), X i = O(l), 7i = GV- 2K ), 
one can see that, for a 2 and b 2 given by (|16|) and (|17|). we have 
(36) a 2 = a 1 + 0(n s ), b 2 = h + 0(p s ), p -> 0, 

where s = min{3K — 1, 1 — 2k}. The best possible value of s which is 

s = maxmin{3/i — 1, 1 — 2k} = 1/5 

K 

is attained when k = 2/5. 

Hence, if fi > is small enough, we have ot\ > a\ + 71, a 2 > b 2 + 72, b 2 > a 2 and the 
interval (a 2 ,6 2 ) contains [a, b]. By Theorem 12.11 we conclude that the interval (a 2 ,b 2 ) does 
not intersect with the spectrum of A 2 , that completes the proof of Theorem ^ Moreover, 
we have that, for any Ai G (ai,&i) and A 2 € (^2,^2); the spectral projections Vi£'i(Ai)V 1 ~ 1 
and V 2 E 2 (X 2 )V 2 1 are equivalent in 21. Putting U = V^ 1 V 2 , we get the desired Murray - 
von Neumann equivalence of #i(Ai) = id®E°(\) and V 1 ~ 1 V 2 £ 2 (A 2 )V^ 1 Vi = UE(X)U^ in 
tti(21) = C*(T, <r) <8> /C(£ 2 (R n , C' 5 )'^). This immediately implies @ (see also Corollary l2~lT7|) . 

Fix an arbitrary isomorphism 9}K — ^ 2 (N). It induces an isomorphism IC(S)k) — an d 
allows us to write any element x G IC(Sjk) as a matrix (xij,i,j G N). Recall that the Morita 
equivalence of if -theory Kq(C*(T, a)) = Kq(C*(T, o)(3K,{$)k)) is induced by the standard algebra 
homomorphism A ^ A ® KL which maps a G A to a matrix with the left-upper corner matrix 
element a, the rest matrix elements being 0. The projection E°(X) belongs to some matrix algebra 
M n (C) C /C, and, under the above isomorphism, the element [id<8'£' (A)] G Kq(C*(T, a) ®JC(F)k)) 
corresponds to the element [-E°(A)] G Kq(C*(T, a)) given by the matrix 1 ® E°(X) G C*(T,a) ® 
M n (C) = M n (C*(T,a)). It is easy to see that the element [E°(X)} belongs to the image of 
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Kq(C) in Kq(C*(T, a)), and the corresponding class in Kq(C*(T, a)) vanishes, that proves © 
and completes the proof of the first part of Theorem [2 

Now Corollary |31 follows immediately from the equality © (see also Lemma 13.81 below) . 

Remark 2.12. If H is flat near all points xj, then the estimate (j3fij) can be improved as follows: 
for any e > 

a 2 = a 1 + 0(n 1 - £ ), b 2 = b l + 0{^ e ), (M^O. 
Indeed, in this case we have (see |Shl Lemma 3.4]) 

<f>jH(n)<l>j = 4>jKj(fi)4>j, \x > 0, 

therefore, 

A = l, ei = 0, 1 = 1,2. 
Taking this into account, we easily get a 2 = at + 0(/i 1 ~ 2K ), b 2 = b\ + 0(fi 1 ~ 2K ) as fi — > for any 
< k < 1/2 as desired. 

3. Review of smooth algebras and higher traces 

3.1. Definition and properties of the *-algebra B(T,a). We begin by recalling some gen- 
eralities on smooth subalgebras of C*-algebras. Let 21 be a C*-algebra and 21 be obtained by 
adjoining a unit to 21. Let 2lo be a *-subalgebra of 21 and 2lo be obtained by adjoining a unit to 
21o- Then 2lo is said to be a smooth subalgebra of 21 if the following two conditions are satisfied: 

(1) 2lo is a dense *-subalgebra of 21; 

(2) 2lo is stable under the holomorphic functional calculus, that is, for any a £ 2lo and for 
any function / that is holomorphic in a neighbourhood of the spectrum of a (thought of 
as an element in 21) one has /(a) G 2V 

Assume that 2lo is a dense *-subalgebra of 21 such that 2lo is a Frechet algebra with a topology 
that is finer than that of 21. A necessary and sufficient condition for 2lo to be a smooth subalgebra 
is given by the spectral invariance condition cf. |Schw| Lemma 1.2]: 

• % nGL(2t) = GL(2t ), where GL(2l ) and GL{%) denote the group of invertibles in 2l 
and 21 respectively. 

Remark 3.1. This fact remains true in the case when 21 is a locally multiplicatively convex (i.e 
its topology is given by a countable family of submultiplicative seminorms) Frechet algebra such 
that the group GL(2l) of invertibles is open |Schwl Lemma 1.2]. 

One useful property of smooth subalgebras is the following. If 2lo is a smooth subalgebra of 
a C*-algebra 21, then the inclusion map 2lo — > 21 induces an isomorphism in fT-theory, |Co811 
Sect. VI. 3], [Host]. Another useful property of smooth subalgebras is that sometimes there are 
interesting cyclic cocycles on 2lo that do not extend to 21. 

Let r be a discrete group and a a multiplier on T, £ denote the word length function on the 
group T with respect to a finite set of generators, i.e. ^(7) = dri'J, e) where dr denotes the word 
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metric. Let A denote the (unbounded) self-adjoint operator on £ 2 (N) defined by A5j = jSj for all 
j G N, and D denote the (unbounded) self-adjoint operator on £ 2 (T) defined by D5^ = £('j)S 1 for 
all 7 G T. Consider the unbounded derivation d = ad(7J®id) of B{£ 2 {T) ®£ 2 (N)). Recall that d is 
a closed derivation with the domain Dom (<9), which consists of all operators T G B{£ 2 (T) ®£ 2 (N)) 
such that T maps Dom(D (g) id) into itself, and the operator d(T) = {D ® id) o T — T o [D <g> id) 
defined initially on Dom(7J ® id) extends to a bounded operator in £ 2 (T) (g) ^ 2 (N). Let 

B^r, a) = p) Dom(d k ) n c*(r, &)®K 
km 

and 

B(r, o-) = {r G i3oo(r, a) : d k (T) o (id ®A) is bounded VA; G n| . 

Then B(r,cr) is a left ideal in Boo(T,cr) - this follows from the observation that, since d is a 
derivation, 

(37) 5 fc (ro5)o(id®A) = V f k \d m {T)od h - m {S)o{i&®&). 



One has the following sufficient conditions for an operator A G ^4^^(r, a) to belong to the 

algebra B(T, a). For any T G B{£ 2 {N)), let = (T(fy), Si), i,j G N, be the matrix elements of T. 
Let 1Z be the subalgebra in IC, which consists of all compact operators in £ 2 (N), which are given 
by rapidly decaying matrices, 

1Z = |t G /C : sup{i k j l \T i:j \ : i,j G n} < 00, V k,l € n}. 
Lemma 3.2. If A £ Apr^^T, a), A = X^er ^7 ® ^(t) * s s«cA i/iai -A (7) G 7£ and a/so satisfies 

(38) ]T£(7) fe P(7)A|| <oo, 

7 

for all positive integers k, then A G B(T, a). 



Proof. As in the proof of Lemma 11.31 let K% C if 2 C • • • be a sequence of finite subsets of T 
which is an exhaustion of T, i.e. Uj>i-^j = For an J £ N, define Aj G .A^,( N )(r, a) as 

A j = E 7 er T 7 L ® Mi)> where 




A( 7 ) if -yeKf, 
otherwise. 



Then Aj G C(T, a)®lZ, and, by Lemma ll. 31 the sequence A,- converges to A in the norm topology 
of B{£ 2 {T)®£ 2 {n)). 
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Let T G C(r, a) <g> K. Since D5 e = 0, for any v G £ 2 (N), one has 

d k (T)(5 e ®v) = {D®id) k oT)(5 e ®v) 

= (D ® id) k ^ ® T(-y)v 

Therefore, T belongs to Dom(<9 fc ) for any G N, and 

(39) [5 fc T]( 7 )=%) fc T( 7 ), 7 G T. 

As in the proof of Lemma ll.3l using Lemma ll.21 (|38|) and (|39|) . one can establish that, for any 
A; G N, the sequences d k (Aj) and 9 fc (A,) o (id ® A) converge in the norm topology of B(£ 2 (T) ® 
£ 2 (N)). This proves that A belongs to Dom(d k ) for any k G N, and the operator d k (A) o (id<S>A) 
is bounded in £ 2 {T) ® £ 2 (N). Therefore A G B(T, a). □ 

Following the arguments given in |(Jo2| . III. 5. 7, we get 
Lemma 3.3. The ^-algebra B(T,a) is a smooth subalgebra of C*(T,a) ® KL. 

Proof. By Lemma 13.21 it follows that B(T,o~) contains C(T,a) ® 1Z. Therefore B(T,o~) is a dense 
*-subalgebra of C*-algebra C*(T, a) ® K,. 

It is well-known (see, for instance, |.Til[ Theorem 1.2]) that Boo(T,a) is a smooth subalgebra 
of C*(r, cr) <8> K,. Since B(T, a) is a left ideal in £>oo(r, cr), the proof is completed by the following 
simple algebraic fact: if A is a spectral invariant subalgebra of an algebra B and I is a left ideal 
in A, then / is spectral invariant in B. □ 

For any k G N and / G C*(T,a), put 

^(/) = (E( 1 +^)) 2fc |/W| 2 ) 1 ' k £ N. 

We clearly have that Vk{f) < 00 for any k G N and / G C(r, cr). 

Consider any element A in C*(r,a) (8) K, A = X^er ^7" ® -^(t)- Let (yly( 7 )) be the matrix, 
corresponding to A( 7 ). Then Aij G C*(r,<r) for any i G N and j G N. Put 

Lemma 3.4. For all A G S(r, cr) and G N, we have N k (A) < 00 . 

Proof. One can be easily seen that, for any A G C*(T, cr) <S> /C, 

A(cT e ® ) = ^2 A v (7) 5 7 ® • 

iGN,7Gr 
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Using one has 

0*(A)o (id ® A) (<5e «><*,•) = jd k (A)(6 e ®5j) 

= j E ^(7)^(7)^ 

«eN,7er 

Therefore for A £ B(T, a) and k 6 N, there is a positive constant C such that 

E ^) 2fe i^-(7)i 2 < cr 2 . 

«eN,7er 

Hence, 

E %) 2fc K'(7)| 2 < C, 
that completes the proof. □ 

3.2. Group cocycles and cyclic cocycles. The cyclic cocycles that we consider arise from 
normalised group cocycles on 17 Recall (see, for instance, |Guij ) that a (homogeneous) group 
fe-cocycle is a map h : T k+1 — ► C satisfying the identities 

Kilo, ■ • • , Ilk) = h(jo, . . . , 7fc); 

fc+i 

E(- 1 ) i/l (7o,- • • ,7i-i>7i+i> • • • >7fc+l) = 0. 

Then an (inhomogeneous) group /c-cocycle c G Z fc (r,C) that is associated to such an /i is given 
by 

c(7i, • • ■ >7fc) = M e »7i>7i72) • • • ,7i • • -7fe)- 

It can be easily checked that c satisfies the following identity 
(40) 

fc-i 

c(7i,72,- • • ,1k) + J }2(- 1 )' l+1 c(lo,- ■ • ,7i-l>7i7t+l)7i+2, • • • ,7fe) + (-l) fc+1 c(7o, 7i> • • • ,7fc-i) = °- 
i=0 

A group /c-cocycle is said to be normalised (in the sense of Connes), if 0(71,72, . . . ,7k) is zero 
if either ji = e for some i or if 71 . . . 7^ = e. 

Recall that a cyclic /c-cocycle on an algebra A is a A; + 1-linear functional on A, satisfying the 
following identities 

(41) Hfk, fo, ■ ■ ■ , fk-i) = (-l)'Wo, /l, • • • , fk), 

Wo, /!,-••, /fc+l) = E ("^^(/O, • ■ ■ , • • • , fk+l) + (-l) fe+ V(/fe+l/0, /l, ■ • • , fk) 

(42) o<j<k 

= 0, 

where fo, fl, ■ ■ ■ , fk+l G -4- 
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Given a normalised group cocycle cG Z k (T,C), k = 0, . . . , dim M, we define a cyclic fc-cocycle 
t c on the twisted group ring C(T,a), which is given by 

a ... a fc c(7i, . . . ,7 fc ) tr r (<5 70 * <5 7l * . . . * <5 7 J if 70 . . . 7fc = e; 



(43) r c (a 5 70 , . . . ,a k 5 lk ) = 
where a,- G C for j = 0, 1, . . . k. 



otherwise, 



Lemma 3.5. For any normalised group cocycle c G Z k (T,C), k = 0, . . . ,dimM, the functional 
t c defined by the formula is a cyclic cocycle on C(T,a). 

Proof. It is clearly sufficient to check the identity (|41[) in the case when fj = aj5y j7 j = 0, 1, . . . ,k, 
with a,j G C and 7071 ■ • • 7fe = e. Then, since c is normalised, 1)401) implies that 

c(7i,72, • • • ,7fc) + (-l) fc+1 c(7o,7i 5 • • • ,7fc-l) = °, 
from where (|41|) follows immediately. 

To prove the identity l|42|). we again assume that fj = aj5 yj ,j = 0, 1, . . . , k + 1, with G C 
and 7071 . . . 7fc+i = e. Then we have 

Tc(/o/i)/2, • • • ,/fc+l) = T c (ao^7o * ai5 7l , a 2 <5 72 , . . . , afc+i<5 7fe+1 ) 

= o-(7o,7i) T c(aoai57o7u a 25 72 , . . . ,afc+i5 7fc+1 ) 
= ^(70,71)00 • • • a fc+ ic(72, . . . ,7fe+i) tr r ((5 707l * 5 r2 * . . . * S Jk+1 ) 
= a ...a fc+ ic(72,...,7A :+ i)trr(5 70 * 5 71 * <5 72 * . . . * 5 7fc+1 ). 
Similarly, we get for j = 1, 2, . . . , k 

r c (fo, fjfj+i, fk+i) = 00 . . . o fc+ ic(7i, . . . ,7j7j+i. • • • >7fc+i) tr r(£ 70 * 5 7l * <5 72 * . . . * 8 Jk+1 ), 
and 

T c (fk+ifo, fi, •••,/&) = «o • • • ajfc +1 c(7i, . . . , 7fc) tr r (5 70 * 5 7l * <5 72 * . . . * <5 7fe+1 ). 
Using these identities and (|4()|) . we obtain 

&t c (/o, fi, ■ ■ ■ , fk+i) = «o • • • afc+i tr r ((5 70 *5 11 *5 r2 * ...* S Jk+1 ) 

k 

(c(72, • • • ,7fc+i) + ^(-l) J c(7i, . . . jTjTj+i, • • • >7fc+i) 

+ (-l) fe+1 c( 7 i,...,7 fc )) = 0, 
that completes the proof. □ 

Of particular interest is the case k = 2, when the formula (|43|) reduces to 

aoaia 2 c(7i,7 2 )cj(7i,72)o-(7 2 " 1 ,72) if 70 71 72 = e; 



r c (a <5 70 , ai<5 71 , a 2 (5 72 ) 



otherwise. 
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For any normalised group cocycle c G Z k (T,C), k = 0, . . . , dim M, one can define a cyclic 
&:-cocycle r c # Tr on C(r, a) ® 1Z by the formula 
(44) 

T c # Tr(/ , fx, . . . , f k ) = ^2 Tr(/ (7o)/i(7i) • • • fk(lk))c(n, ■ ■ ■ ,1k) tr r (<5 70 * ^ * • • • * S 7k ), 

707i---7fc= e 

where /j = E 7 er ^7 ® fjil) G c ( r >^) ® K,j = 0, 1, . . . , k. 

Recall that a normalised A:-cocycle c is said to be polynomially bounded if there are a positive 
constant C and a, G N for all i = 1, . . . , fc, such that 

(45) |c( 7 i, 72, • • • , 7k) I < C(l + ^(7i)) ai (1 + % 2 )) a2 • • • (1 + i(lk)T k ■ 

For example, it is easy to see that any normalised group 1-cocycle is polynomially bounded. 
Groups r that are virtually nilpotent or that are word hyperbolic have the property that every 
group cohomology class has a representative cocycle that is polynomially bounded, cf. |Gr[IGr2j . 

Recall that a discrete group V has property (RD), if the Haagerup inequality holds for T, that 
is, there exist JVeN and C > such that 

(46) \\f\\ c? (v) < Cu N (f), /ecr, 

or, equivalently, 

||/*o«||<cW(/)N|, /ecr, ug£ 2 (t), 

where || • || denotes the norm in £ 2 (T): \\u\\ = vq(u), and *o denotes the usual (untwisted) convo- 
lution in Cr: 

f*ou{l)= /(7i) u (72), 7 e r. 

7172=7 

Examples of groups, having property (RD), are virtually nilpotent groups, hyperbolic groups and 
products of hyperbolic groups, cocompact lattices in SL^M), SL<3(C), SL^H). 

One shows exactly as in t Co2 a section III. 5. 7 using the Haagerup inequality (|46jl. that if T has 
property (RD), then for each polynomially bounded normalised group cocycle c, the associated 
cyclic cocycle r c on C(T,a), is continuous for the norm vk, for K sufficiently large, and the 
tensor product cocycle r c #Tr defined on C(T,a) <g> 1Z by the formula ({H]) extends by continuity 
to B(T, a). 

Lemma 3.6. Let a group T have property (RD) and a normalised group k-cocycle c be polyno- 
mially bounded. Then the associated cyclic cocycle r c on C(T, a), is continuous for the norm ujc> 
for K sufficiently large. 

Proof. For all fo, fx, ■ ■ ■ fk G C(T, a), one has, 

r c (fo, fi, ■ ■ ■ fk) = ^2 ^°( 7 °) • • • /fc(7fc) c (7l> ■■■Ik) trr(<J 70 * $ji ■ ■ ■ $j k )- 

707i---7fc= e 



32 Y. KORDYUKOV, V. MATHAI, AND M. SHUBIN 

Using the Haagerup inequality (|4fij). we get 

|Tc(/o,/l, •••/&) | = kc(/l,/2,---/fc,/o)| 

< c ■ ■ • l/*(7*)ll/o(7o)l(i + %i)) ai (i + Ki2)T 2 • . . (i + linu)) 

7071 ■■ -7ft = e 

= C|(l +£) ai h\ * • • • *o 1(1 +ZT k fk\ *o I /o 1(e) 

k 

<c(c'rii/oiin^(i( 1+ ^/ii) 

= C(C")V (/o)n^+a f (|/i|) 

i=i 

= C(C")V (/o)n^+a J (/ J ), 

that proves the desired continuity property. □ 

Lemma 3.7. // T has property (RD), and given a polynomially bounded normalised group k- 
cocycle c, a cyclic k-cocycle r c #Tr on C(T,a)®7Z given by the formula ^44\ ) extends by continuity 
toB(T,a). 

Proof. The proof is a word-by- word repetition of the proof of Lemma 6.4 in |CM90j . Take any 
fi = E 7 erA® fid) e C(T,a)®K,l = 0, 1, . . . ,k. Represent any ^(7) G U by a matrix (f-jd))- 
Then, for any / = 0, 1, . . . , k, i G N and j G N, we have f\j G C(r, a), and one can see that 



Tc#Tr(/ ,/i, . . . - T c(fi i 1 ,fi 1 i 2 ,---,fi k i )- 

So, using Lemma we have 

|r c #Tr(/ , /!,..., A)l < E \Tc(fi i 1 ,fli 2 ,---,fti )\ 

< c VKUli>K{fl i2 )...vM 

»0,*1>— i*fc 

with some natural K. Then we use the following inequality 



2 



Y a ih a ii2 ■ • • a ti ^ II 

which holds for any k > 1, that gives us the estimate 

|r c # Tr(/ , < CN K {fo)N K {h) . . . N K (f k ), 

and concludes the proof. □ 



EQUIVALENCE OF SPECTRAL PROJECTIONS IN SEMICLASSICAL LIMIT 33 

3.3. A vanishing lemma for pairing with cyclic cocycles. Let a group T be a discrete 
group, c be a normalised group fe-cocycle on T (k even), and t c be the associated cyclic cocycle 
on C(r,cx). By the pairing theory of |Co| we get an additive map 

[r c #Tr] : K (C(T, a) ® K) -» R. 

Explicitly, [r c # Tr]([e] — [/]) = r c (e, • • • , e) — r c (/, • • • , /), where e, / are idempotent matrices with 
entries in C(r, a) (g> TZ, which is the unital algebra obtained by adding the identity to C(r, a) ® TZ, 
and t c denotes the canonical extension of t c # Tr to C(r, a ) ®TZ® Mtv(C) defined as follows; 

t c (/o ® Ro, ■ ■ ■ ,fh ® Rk) = tr(i? ...Rk) T c #Tr(/ , . . . , f k ), 

where G C(r, a) ® K, Rj e M N (C),j = 0, 1, . . . , k. 

Recall that TVr denotes the tensor product of the canonical finite trace trp on C(r, a) and the 
standard trace Tr on 1Z. 

Lemma 3.8. Let c be a normalised k-cocycle on a discrete group T (k even) and r c #Tr be the 
associated cyclic k-cocycle on the group algebra C(T, a) (g> 1Z. Let L <8> P be the tensor product of 
the identity in C(r,cr) and a projection P in TZ. Then we have, 

Trr(/0P) = rank(P); 

r c # Tr(I (8) P, . . . , I ® P) = for k> 0. 

Proof. Observe that / <g> P = 5 e <S> P- The statement is trivially true when k = 0. For k > 0, we 
have 

T c #Tr(I®P,...,I<8>P) = T c #Tr(5 e ®P,...,5 e ®P) 

= rank(P)r c (5 e ,...,<5 e ) 

= rank(P)c(e, . . . , e) trr(5 e * 8 e * . . . * 5 e ). 
Since c is a normalised group cocycle, c(e, . . . , e) = 0, and the result follows. □ 

4. SEMICLASSICAL VANISHING THEOREMS FOR SPECTRAL PROJECTIONS 

4.1. General results on equivalence of projections in smooth subalgebras. In the setting 
of Section im suppose, in addition, that there is given a smooth subalgebra 2to m the C7*-algebra 
21 such that: 

• for any t > 0, the operators e~ tAl belong to 7r^(2lo), I = 1, 2. 

Consider an interval (ai,6i), which does not intersect with the spectrum of A±. Let 02,62 be 
given by the formulas (jlT)|) and (|17|). Suppose that a\ > a\ + 71, «2 > 62 + 72 and 62 > «2- By 
Theorem 12.11 the interval (02,62) does not intersect with the spectrum of ^2- 

Note that Ei{\\) = X[ e ~ tx i 00) {e~ tAl )- Since Ai spec(-Ai), by the Riesz formula one has, 

El{Xl) = ^Tif c {x ~ e ~ tAl) ~ ldX > 
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where C is a contour intersecting the real axis at e 1 and at some large positive number not in 
the spectrum of e~ tAl . It follows that -Bi(Ai) is a holomorphic function of e~ tAl , and therefore 
one has E\(Xi) £ 7rx (2to)- Similarly, for any A2 £ (02,62)1 the spectral projection £2^2) belongs 
to 7r 2 (2t ). 

Theorem 4.1. The projections Vi.E7i(Ai)V 1 ~ 1 and V2-£2 (A2) are Murray-von Neumann equiv- 
alent in 7r(2lo) for any Ai G (di,&i) and A2 € (02,62)- 

Proof. Consider a bounded operator T = V2-E ; 2(A2)«2</pi-E'i(Ai)V 1 ~ 1 in As shown in the proof of 
Theorem l2.11 the operator T belongs to 7r(2l) and is invertible as an operator from Vi(Im £i(Ai)) 
to V2(Im £2^2))- Since 7r(2lo) is dense in 7r(2l), there exists an operator T\ in 7r(2lo) such that 
the operator P = V2£ 2 (A2)V 2 ~ 1 TiVi£i(Ai)Vf 1 is invertible as an operator from Vi(Im £i(Ai)) 
to V2(Im £2^2)). Then the operator P as an operator in TL belongs to vr(2to), and its image 
Im P = V2(Im £2^2)) is closed. The desired statement follows from the following lemma. 

Lemma 4.2. Let % he a C* -algebra, H a Hilbert space equipped with a faithful * -representation 
of%l, 7r : 21 — > B(H.), 2lo a smooth subalgebra in'Qi. If a bounded operator P inTi belongs to vr(2lo) 
and has closed image, and P = US is its polar decomposition, then U, S E 7r(2lo)- 

Proof. As shown in the proof of Lemma l2.9[ zero is an isolated point in the spectrum of P*P. 
Since 2lo is stable under holomorphic functional calculus, the operator S = V P*P is in 2lo and 
has zero as an isolated point in its spectrum. Furthermore, the function / introduced in the proof 
of Lemma 12.91 extends to a holomorphic function in a neighborhood of the spectrum of S, that 
implies that = f(S) and U = PS^ are also in 7r(2t ). □ 

Applying Lemma 14.21 to the operator P as above, we obtain an isometry U £ 7r(2lo), which 
gives the desired equivalence of the projections Vi-Ei(Ai)V ] ~ 1 and l^-E^^)!^ 1 . □ 

4.2. Proof of the semiclassical vanishing theorem of the higher traces of spectral pro- 
jections. In this Section, we prove the second part of Theorem [2 and Corollary |1J For this, 
we apply Theorem 14.11 in the setting of Section 12.41 We will use the notation of this section. 
Here we make a particular choice of the unitary isomorphisms V\ : L 2 (M ra ,C k ) N — > £ 2 (N) and 
V% : L 2 (J : ,S\f) — > ^ 2 (N). Namely, we define V\, using the spectral decomposition for the model 
operator K = K(l) in L 2 (R n ,C k ) N . More precisely, suppose that Ai < A2 < A3 < . . . are the 
eigenvalues of the operator K (counting with multiplicities), and cpj the corresponding eigen- 
functions, which form a complete orthonormal system in L 2 (M n , C ) . Then V\ is defined as 
Vi<j)j = 5j,j £ N. Similarly, take any second order self-adjoint (r, cr)-invariant elliptic differen- 
tial operator P in L 2 (M,S). Define the unitary isomorphism V2 '■ L 2 (J r ,£\p) — » £ 2 (N), using 
the orthonormal basis of eigenvectors for the operator P in L 2 {T, £\p) — L 2 (M,£) with the 
(r, cr)-periodic boundary conditions as above. 

Take a smooth subalgebra 2to of the C*-algebra 21 = C*(T, a) (8) K to be B(T, a). 

Lemma 4.3. For any t > 0, the operator Vie~* Al V^ belongs to B(T,a) C C*(T,a) <g> fC. 
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Proof. Since Vie~ tAl V{ = id ®Vie' tK ^V* , it suffices to prove that the operator V\.e~ tK ^V*A 
is bounded in £ 2 (N). By definition of V\, the operator V%KV* in £ 2 (N) is given by 

ViKV*Sj = XjSj, j g N. 

It is well-known that A,- ~ Cj 1//n , j — > oo. Therefore, the operator K~ n V*AV\ is bounded in 
L 2 (R n , C k ) N . Since Vie- tK ^V{A = V^ 1 *^ K n K~ n V{ AViVf , and the operator e ~ tK ^K n is 
bounded in L 2 (M n , C ) , this immediately completes the proof. □ 

Lemma 4.4. For all t > 0, V 2 e~ tHM V 2 * G B(T, a) C C r *(r, a) ® /C. 

Proof. First, recall the following well-known properties of the heat operator e~ tH ^\ cf. |U1 IKoj . 
Let d denote the Riemannian distance function on M. 

Lemma 4.5. The Schwartz kernel k(t,x,y) of the heat operator e~ tH ^ is smooth for all t > 0. 
Moreover, for any t > and for any (r ', a) -invariant differential operators A = a(x,D x ) and 
B = b(x,D x ) in C°°(M,£) there are positive constants Ci,C 2 depending on fx such that the 
following off- diagonal estimate holds 

\a(x,D x )b(y,D y )k(t,x,y)\ < C x e~ C2d ^\ x G M, y£M. 
We have V 2 e~' jH ^ ) V! G Ag 2 ^(T,a), so we can write the operator V 2 e~* H(M) V 2 as 

with some ^,^(7) G B(£ 2 (N)). We will identify the space L 2 (jF, £\j?) with the subspace in 
L 2 (M, £), which consists of sections from L 2 (M, £), vanishing outside of T . As above, i : T — > M 
denote the inclusion map. 

Lemma 4.6. The operator V 2 */it iAt (7)V 2 is given by the restriction of the operator i*T^e~ tH ^ to 
L 2 (T,£\ T ). 

Proof. Recall that a unitary operator V2 : — > H is defined as V2 = (id<8>^) o U, where U is the 
(r, cr)-equivariant isometry (jHJ). Therefore, we have 

Ue -tff(A0u* = ^T 7 L ^^(7)^2. 

Let G L 2 {T,£\f). By definition of U, it easily follows that U*(5 e (g) 0) G L 2 (M,£) coincides 
with 0. Therefore, by (JSj), we get 

Ve~ tH ^V*(6 e ® 4>) = J2 S i ® i*T-ye- tH ^cP, 

7er 

that immediately completes the proof. □ 
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As in the proof of Lemma |4.31 using the Weyl asymptotic formula ay ~ Cj 2//n ,j — ► oo, for 
the eigenvalues otj of the operator P, one can show that the operator P~ n / 2 V 2 * AV 2 is bounded in 
L 2 (J^, By this fact and Lemma 14.61 it follows that 

(47) ||/^( 7 )A|| = \\V 2 *h t ^)V 2 V 2 *AV2\\ = \\i*T 1 e- tH( - fl) P m P~ m V 2 *AV2\\ < C 3 \\i*T ie - tH ^ P m \\ 
for any natural m > n/2 with some positive constant C3. 

It is well known that 

(48) £(7) < C A (mi x , yeT d( 7 x, y) + 1) 
for some positive constant C4. From (|48|) and Lemma 14.51 we get 

(49) \\i*T^e~ tHM P m \\ < C 5 e- C ^ (7)2 . 
Observe that one has the estimate 

(50) #{7 G T I £(7) <R}< C 7 e CsR 

for some positive constants C7, Cg, since the growth rate of the volume of balls in T is at most 
exponential. By (@7J), (gSJ) and ([HO]), it follows that 

E^)"llV(7)A||<oo 

7 

for all positive integers k. By Lemma ET21 this implies that V 2 e~ tH ^ V| G B(r, a) C C*(r, ct)®/C 
for all i > 0. □ 

Remark 4.7. Since the Schwartz kernel of e~ tH ^ is smooth V 7 G T by Lemma 14.51 it follows 
from the proof of Lemma 14.41 that /h i(U (7) G 7£ V7 G T (cf. also Lemma 5 in III.4./3 in L Co2 ). 

By Lemmas 14 . 31 and 14.41 it follows that, for any t > 0, the operators e~ tAl belong to 7r^(9lo), I = 
1,2. So we can apply Theorem 14.11 that immediately completes the proof of the second part 
of Theorem [2J Now Corollary 21 follows immediately from the second part of Theorem |2] and 
Lemma 13.81 

In the case under consideration, we can give a more explicit description of an operator U that 
provides Murray-von Neumann equivalence of the projections Vi£'i(Ai)V ] ~ 1 and V2E 2 (X 2 )V 2 1 . 
This is based on the following 

Lemma 4.8. For any a G 2lo = B(T,a), the bounded operator V 2 i 2 JpiVi 1 ^(a) in i 2 (T) ®£ 2 (N) 
belongs to 7r(2lo). 

Proof. We have V2i2Jpi Vf 1 = id <8>V2j2 J"o r i^i _1 . It follows that, for any a G C*(T, a)®)C, the op- 
erator V2^2^PiVf 1 7r(a) belongs to ir(C*(T,a) <g>JC). Moreover, the bounded operator V2i2Jpi^\ 1 
in £ 2 (r) <8> I 2 (N) commutes with D ® id that implies 

V 2 i 2 JpiVi 1 G P| Domd fc . 

ken 

Since the space {P G n/fceN Dom,9fc : d k (P) o (id® A) is bounded Vfc G N} is a left ideal in 
n fce N Dom ^ fc ( cf - <E3)), we get V 2 «2^PiV{" 1 7r(a) G B(T,a) for any a G B(T,cr) as desired. □ 
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By Lemma f4.8| the operator T = V2 ^2(^2)^2^1 -Ed (Ai)V 1 ~ 1 in TC belongs to vr(2lo)) and the 
operator U that provides Murray-von Neumann equivalence of the projections Vi-Ed(Ai)V-f 1 and 
V2-E , 2(A2)V 2 ~ 1 can be taken from the polar decomposition of this operator as in the proof of 
Theorem 14.11 



5. Quantum Hall effect 



Since the results that we have obtained were essentially known for Euclidean space and applied 
to the Euclidean space model for the integer quantum Hall effect, we will focus on the hyperbolic 
space model for the fractional quantum Hall effect, CHMM , |MM| . 



5.1. The Hamiltonian. We begin by reviewing the construction of the Hamiltonian. First we 
take as our principal model of hyperbolic space, the hyperbolic plane. This is the upper half- 
plane H in C equipped with its usual Poincare metric (dx 2 + dy 2 )/y 2 , and symplectic area form 
we = dx A dy/y 2 . The group SL(2,M) acts transitively on EI by Mobius transformations 



x + iy = C 9-C = 7— 1 , for 5 = 
cC + a 




Any Riemann surface of genus g greater than 1 can be realised as the quotient of EI by the action 
of its fundamental group realised as a discrete subgroup T of SL(2,M). 

Choose a 1-form A called a vector potential whose curvature is the uniform magnetic field 
B = dA = Bum, whose flux is 0. As in geometric quantisation we may regard A as defining a 
Hermitian connection V = d + iA on the trivial line bundle C over H, whose curvature is iOuJu- 
Using the Riemannian metric the Hamiltonian of an electron in this field is given in suitable units 
by 

H = H Ay = V*V + pT 2 V = (d + iA)*(d + iA) + n~ 2 V, 

where V is an electric potential associated to a real material and fi is the coupling constant. V is 
also assumed to be invariant under T respecting a crystalline type structure. It can be checked 
that H commutes with the projective (T, cr)-action on L 2 (M.) as defined in the earlier sections. 



5.2. Algebra of observables. Let J be a connected fundamental domain for the action of 
r on EI. Take any second order self-adjoint (T, cr)-invariant elliptic differential operator P in 
L 2 (H), for instance, P = H^y{l). Define the unitary isomorphism V2 '■ L^iT) — ► £ 2 (N), using 
the orthonormal basis {ipj : j G N} of eigenvectors for the operator P in L 2 (T) = L 2 (EI/r) 
with the (r, a)-periodic boundary conditions: V2<Pj = Sj,j £ N. Introduce a unitary operator 
V 2 : L 2 (U) -> £ 2 (F)®e 2 (N) as V 2 = (id®V 2 ) o U, where U : L 2 (M) ^ 1 2 {T)®L 2 {T) is the (I»- 
equivariant isometry (JHJ). This operator induces an isomorphism of the algebra U L 2^(T, a), 
consisting of operators on L 2 (EI) that commute with the projective (T, <r)-action, with the von 
Neumann algebra A^ (N) {T,a) ^ A L (F, a) ® i3(£ 2 (N)). 

Define the algebra of observables to be B(T,o~) introduced at the beginning of section |3J which 
is considered as a *-subalgebra of U L 2^(T,a). Recall that we have established in section |31 
that e~ tH G B(T,a). The observables of the model include those spectral projections of the 
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Hamiltonian H corresponding to gaps in the spectrum. The fact that such a projection belongs 
to B(T,a) was established in section El by using the Riesz representation for the projection and 
the fact that B(T, a) is closed under the holomorphic functional calculus. This justifies the choice 
of B(T, a) as the algebra of observables. 

5.3. Canonical derivations on the algebra of observables. Let £ 9 = M/T be the Riemann 
surface determined by quotienting by T. We follow the usual conventions (see for example jSH]) 
in fixing representative homology generators corresponding to cycles Aj,Bj,j = 1,2, ... ,g with 
each pair Aj,Bj intersecting in a common base point and all other intersection numbers being 
zero. Let aj, j = 1, . . . ,g be harmonic 1-forms dual to Aj , j = 1, . . . ,g and bj, j = 1, 2, . . . , g be 
harmonic 1-forms dual to Bj , j = 1, 2, ... , g. Let aj, bj denote the lifts of aj, bj to EI respectively. 

Define the functions on E given by, 

£lj(z) = i I a-j, £lj +g {z) = i bj, 

Ju J u 

where n G EI is a fixed point. Since a,j,bj are bounded 1-forms on H, one sees that there are 
positive constants Cj such that 

(51) \&j{z)\ < Cjd{u, z) for all z£i. 

For any j = 1,2,..., 2g, denote by Oj the operator in L 2 (H) of multiplication by the function Qj. 
Define 

5 j (T) = [Sl j ,T\, 

where T 6 C(T,a) 1Z C B(T,o) is considered as a bounded operator in L 2 (M). 
Lemma 5.1. For any T S C(r, a) (g) 1Z, the operator 5j(T) is in C(T, a) (g> 1Z. 

Proof. Using the arguments given in the proof of Lemma 14.41 one can easily see that, under 
the isomorphism T e ^4^ 2 ^(r,a) i— ► V|TV2 € Li L 2^(T,a), the *-subalgebra C(T,a) (g> 1Z C 

Ag2™\(F,a) corresponds to the subalgebra in U L 2^(T, a), which consists of all (r, <r)-invariant 

bounded operators Q in L 2 (M) whose Schwarz kernels /cq are smooth and properly supported (i.e. 
kq{x,y) = when d{x,y) > C with some constant C > 0). Recall that (r, <r)-invariance of Q is 
equivalent to the relation (J2J) for its Schwarz kernel /cq. 

Take any T G C(r, a) ® 1Z considered an a bounded operator in L 2 (H). Let kr be its Schwarz 
kernel. Then the Schwarz kernel ^[q^t] °f the operator is given by 

k[Qj,T](x,y) = (Mj(x) - Q,j{y))k T {x,y), x,y e M. 
Clearly, fcp .^ is smooth and properly supported. 

It is easy to see that, for 7 G T, the difference Vtj(^.z) — £lj{z) is constant independent of z £ E. 
Using this fact, one can check that fc[nj,T] satisfies ®, that completes the proof. □ 



Therefore 5j,j = 1,2,... ,2g, is a (densely defined) derivation on the algebra of observables 
B(T,a). 
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5.4. Hall conductance cyclic cocycle. In this subsection we recall the Kubo formula for the 
Hall conductivity. The reasoning is that the Hall conductivity is measured by determining the 
equilibrium ratio of the current in the direction of the applied electric field to the Hall voltage, 
which is the potential difference in the orthogonal direction. To calculate this mathematically 
we instead determine the component of the induced current that is orthogonal to the applied 
potential. The conductivity can then be obtained by dividing this quantity by the magnitude of 
the applied field. Interpreting the generators of the fundamental group as geodesies on hyperbolic 
space gives a family of preferred directions emanating from the base point. One of the basic 
results in CHMM is the following: the expectation of the current J k is given by 

Tr r (P5 k H) =iTr T (P[d t P,5 k P}) = -%E S ^(P^P, 6 k P}), 

where Ej is the electric field in the j direction. Therefore one sees that, 

The conductivity for currents in the k direction induced by electric fields in the j direction is 
given by -iTrr(P[SjP, S k P}) ■ 

The following is Lemma 12 in [UHMM . 

Lemma 5.2. For any j,k = 1, . . . , 2g, the formula 

c,- ifc (T ,ri,r 2 ) = Tr T (T [djTi, 5 k T 2 ]) = l¥ r (T [%, Ti][fi fe , T 2 }), T ,Tx,T 2 G C(T,<r)®n, 

defines a cyclic 2-cocycle on C(T, a) (g> 1Z. 

Definition. The Kubo formula for the Hall conductance cyclic 2-cocycle tr^- on a dense subal- 
gebra C(T, a) ® 1Z of the algebra of observables B(T, a) is defined as 

9 

tr K = ^2c jtj+g . 
3=1 

There is a symplectic map from H to M 29 given by H : z i— ► (Qi(z), . . . , £l2 g (z)). It is the lift to 
M of the Abel-Jacobi map on H/T. Define a group 2-cocycle \& : T x T — > R as follows. Consider 
the straight-edged triangle A(it, 71, 72) in M? 9 obtained by joining the 3 points S(it) = 0, H(7^ 1 .u) 
and S(72.w). Then ^(71,72) is defined to be the symplectic area of A(it, 71,72), which is equal to 

9 

^(%(7f 1 .u)% +s (7 2 .'a) - % +9 (7 1 ~ 1 .u)O i (72.u)). 

3=1 

We have seen earlier that |fl_j(7.«)| < Cj d(u,^/.u) < C'^ti^f). Using the Cauchy-Schwartz 
inequality and the fact that £(7) = £( , y~ 1 ), we see that there is a positive constant C such that 

1^(71,72)1 < C(l+^(7i)) 2 (l+% 2 )) 2 for all 71,72 ST. 

That is, \P is a polynomially bounded group 2-cocycle on T. Recall that the group 2-cocycle 
$ defines the cyclic 2-cocycle r$ on C(T,a). By Lemma \'A.7\ we see that r^,#Tr extends by 
continuity to B(T, a). 

One of the main results of |UHMMj is the following. 
Theorem 5.3. The Hall conductance cyclic 2-cocycle tr^- agrees with r^#Tr on C(T,a) (g) 1Z. 
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Hence by Lemma \'A.7\ the Hall conductance cyclic 2-cocycle tr^f also extends by continuity to 
B(T,a). Therefore we are in a position to apply the Corollary 0] to deduce Corollary03 
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